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Naturally Commutating AC to DC Converters

- Uncontrolled Rectifiers

The rectifier converter circuits considered in this chapter have in common an ac voltage supply input and
a dc load output. The function of the converter circuit is to convert the ac source energy into fix dc load
voltage. Turn-off of converter semiconductor devices is brought about by the ac supply voltage reversal,
a process called line commutation or natural commutation.
Converter circuits employing only diodes are termed uncontrolled (or rectifiers) while the incorporation of
only thyristors results in a (fully) controlled converter. The functional difference is that the diode conducts
when forward-biased whereas the turn-on of the forward-biased thyristor can be controlled from its gate.
An uncontrolled converter provides a fixed output voltage for a given ac supply and load.
Thyristor converters allow an adjustable output voltage by controlling the phase angle at which the
forward biased thyristors are turned on. With diodes, converters can only transfer power from the ac
source to the dc load, termed rectification and can therefore be described as unidirectional converters.
Although rectifiers provide a dc output, they differ in characteristics such as output ripple and mean
voltage as well as efficiency and ac supply current harmonics.

An important rectifier characteristic is that of pulse number, which is defined as the repetition rate in
the direct output voltage during one complete cycle of the input ac supply.

A useful way to judge the quality of the required dc output, is by the contribution of its superimposed
ac harmonics. The harmonic or ripple factor RF is defined by
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where FF is termed the form factor. RF, is a measure of the voltage harmonics in the output voltage
while if currents are used in the equation, RF; gives a measure of the current harmonics in the output
current. Both FF and RF are applicable to the input and output, and are defined in section 11.6.

The general analysis in this chapter is concerned with single and three phase ac rectifier supplies
feeding inductive and resistive dc loads. Purely resistive load equations generally can be derived by
setting inductance L to zero in the L-R load equations. Just as purely inductive load equations generally
can be derived by setting resistance R to zero in the same L-R load equations.

g 11.1] Single-phase uncontrolled converter circuits — ac rectifiers

11.1.1 Half-wave circuit with a resistive load, R

The simplest meaningful single-phase half-wave load to analyse is the resistive load. The ac supply Vis
impressed across the load every second ac cycle half period, when load current flows.
The load voltage and current shown in figure 11.1a are defined by

Va(wl’):/'aR: 2V sinowt O<wt<rn (11.1)
0 r<ot <27
The circuit voltage and current equations can be found by substituting L =0, 8= and ¢ =0 in the
generalised equations (11.18) to (11.20) in section 11.1.3. The average dc output current I, and voltage
V, are given by
v :1R:i;[«/zl/sinwtdwtzﬂl/:o.%l/ (11.2)
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The rms voltage across the load V,, ;ms, and rms load current I, s, are

Va2
1% . 1
V, =|—|2V’sifotdot| =1, R=-—V 11.3
ms =\ 2] } R =5 (113)
and the power dissipated in the load, specifically the load resistor, is

2
p-12 R=1L (11.4)

R

The ac current in the load is

V2
o :%[vz_ﬂ (115)
The load voltage harmonics are
v v 22 v[
V4 2

v, (ot) V2V gnot - 22V L o520t + 1 cosdat..+ 5
7 [1x3 3x5 n -1

COS N wvvvnane } (11.6)

forn=2,4,6, ...
For a resistive load, the load voltage and current ripple factors are both (‘/z;r)Z —1. FF="%.m. The poor
output voltage form factor can be improved by using a capacitor across the output, viz., the load resistor.

11.1.2 Half-wave circuit with a resistive and back emf R-E load

With an opposing emf E in series with the resistive load, the load current and voltage waveforms are as
shown in figure 11.1b. Load current commences when the source voltage exceeds the load back emf at

ot =a =sin" (11.7)

£
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and ceases when the source voltage falls to the load back emf level at
E

v

The diode conducts for a period 6 = 1T - 2a, during which energy is delivered to both the load resistor R

and load back emf E.
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Figure 11.1. Single-phase half-wave rectifiers:
(a) purely resistive load, R and (b) resistive load R with back emf, E.
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The load average and rms voltages are

ng(yﬁﬂ)bwi J' 2V sinot dot

(11.9)
[‘/2+ jE+ ! V2V cosa
1 2 2
l/D,ms:{EZ(‘/M-Z]H/Z[‘/2—g+—sin2a]} (11.10)
V4 T 2z
The load average and rms currents are
Ioz—{ﬂcosa E(‘/ ﬂ {[Vsin‘/ﬂ E— } (11.11)
T 2z
5 2
1, -1 lena—iwsmvzm(vz+52)i (11.12)
R|2x 2z
The total power delivered to the R-E load is
P =P +P=I" R+FI (11.13)

Example 11.1:|  Half-wave rectifier with resistive and back emf load

A dc motor has series armature resistance of 10Q and is fed via a half-wave rectifier, from the single-
phase 230V 50Hz ac mains. Calculate

i. rectifier diode peak current
ii. motor average starting current

If at full speed, the motor back emfis 100V dc, calculate

iii. average and rms motor voltages and currents

iv. motor electrical losses

v. power converted to rotational energy

vi. supply power factor and motor efficiency

vii. diode approximate loss if modelled by v, =0.8 +0.025x ip.

Solution

Worst case conditions are at standstill when the motor back emf is zero (E = k®w) and the circuit and
waveforms in figure 11.1a are applicable.

i. The peak supply and peak load voltage is V2x V' =+2x230 = 325.3V.
The peak diode and load current is

s 4 v, 3253V

° R 10Q

[y =1,=-2=

=32.5A

ii. The motor average current, at starting, is given by equation (11.2)
V, =I,R=0.45x230V=103.5V
I, = 4 = 1035V =10.35A
° R 10Q
With a 100V back emf, the circuit and waveforms in figure 11.1b are applicable.
The current starts conducting when

ot —a=sin' £ —sin1 -0V __474
2v J2x 230V
The current conducts for a period 6 = - 2a = 180° - 2x17.9 = 144.2°, ceasing at wt=m-a =

162.1°.
iii. The average and rms load currents and voltages are given by equations (11.9) to (11.12).

v, :(1/2+5]E+l«/il/cosa

_ (‘/2 N 1123 jxlOOV + L1 2230V x cos17.9° — 158.5V
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I, = {\/—VsianH E e:l
2
L |N2x230V 014420 100v< 2442 | 5 gsa
“10Q 360°

2 2
Vorms = l:Ez (‘/z + gj +? (1/2 -2y Zisinza] }
T T T

o 2 V2
l:1002(1/2+1 9) 2302(1/ _17.9 +isin2><17.9°)} =179.2V

180° 180° 27z

2 V2
s :l 'Lsma—&VEsinvzm(vz +Ez)i
2 T 2
1 [2307 22 144.2°|"
05| 5, SiN144:2° - == x 230V X100V x sinVz x 144.2° + (230° + 100° )
~100 % 360°
=10.2A

iv. The motor loss is the loss in the 10Q resistor in the dc motor equivalent circuit
P, =17 R =10.2> x10Q = 1041.5W

v. The back emf represents the source of electrical energy converted to mechanical energy
P. = E x1I,=100V x5.85A = 585W

vi. The supply power factor is defined as the ratio of the supply power delivered, P, to apparent supply
power, S
P P +P. 1041.5W +585W

f =— = =0.69
P =S Var, ~ 230Vx102A
The motor efficiency is
pe—te o S8W___ 100-40.0%
P,+ P, 1041.5W +585W
vii. By assuming the diode voltage drop is insignificant in magnitude compared to the 230V ac

supply, then the currents and voltages previously calculated involve minimal error. The rectifying
diode power loss is

P, =  08xI,+0.0250x1%
=0.8x5.85A +0.0250 x10.2% = 7.3W

L)

11.1.3 Single-phase half-wave rectifier circuit with an R-L load

A single-phase half-wave diode rectifying circuit with an R-L load is shown in figure 11.2a, while various
circuit electrical waveforms are shown in figure 11.2b. Load current commences when the supply
voltage goes positive at wt = 0. It will be seen that load current flows not only during the positive half of
the ac supply voltage, 0 < wt <, but also during a portion of the negative supply voltage, m < wt < .
The load inductor stored energy maintains the load current and the inductor’s terminal voltage reverses
and is able to overcome the negative supply and keep the diode forward-biased and conducting. This
current continues until all the inductor energy, %L7, is released (i = 0) at the current extinction angle (or
cut-off angle), wt = .

During diode conduction the circuit is defined by the Kirchhoff voltage equation

Ve +V, _LE+ Ri =v =2 V sin ot V) (11.14)
where Vis the rms ac supply voltage. Solving equation (11.14) yields the load (and diode) current
IV -t [tan ¢
i(ot) = > {sm (wt-¢) + sing e } (A) (11.15)

0< ot <p>rx (rad)
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Figure 11.2. Half-wave rectifier with an R-L load:
(a) circuit diagram and (b) waveforms, illustrating the equal area and zero current slope criteria.

where  Z=V(R*+w?L?) (ohms)
tang=wl/R=Q and R=_Zcos¢
i(wt) =0 (A)

B <ot <2n (rad)
The current extinction angle B8 is determined solely by the load impedance Z and can be solved from
equation (11.15) when the current, i = 0 with wt = 8, such that 8 >, that is

sin(B-¢) + sing e?®¢ - 0 (11.17)

This is a transcendental equation which can be solved by iterative techniques. Figure 11.3a can be used
to determine the extinction angle 8, given any load impedance (power factor) angle ¢ =tan" wL/R.

(11.16)

The mean value of the rectified current, the output current, 70, is given by integration of equation (11.15)

1, = L[i(ot) dot A
e amde (11.18)
I = %(1—cosﬂ) (A)
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while the mean output voltage V,is given by
V, = L[IN2 Vsinot dot= T,R =32 (1-cos p) ) (11.19)

Since the mean voltage across the load inductance is zero, V, =IR (see the equal area criterion to
follow). Figure 11.3b shows the normalised output voltage I, /V as a function of wL/R.

The rms output (load) voltage and current are given by

Vo[ oV s ot doe] < V[l sn2p)]”

) VA ) v (11.20)
; _Vcosg| 1 ’Bismﬂcos(ﬁﬂb) _vi1 ﬁislnﬂcos(ﬂmﬁ)
™R |2« cos ¢

T Z|2x os ¢

From equations (11.19) and (11.20) the harmonic content in the output voltage is indicated by the
voltage form factor.

2
1 1
F,:V:szm (11.21)
v 1-cosp

o

For a resistive load, when g = 7, the form factor reduces to a value of 1.57. The ripple factor is therefore
JFF? -1 =1.21. For a purely resistive load the voltage and current form factors are equal.
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Figure 11.3. Single-phase half-wave converter characteristics: (a) load impedance angle @ versus
current extinction angle B and (b) variation in normalised mean output voltage V,/V versus wL/R.




433 Power Electronics

The power delivered to the load, which is the power delivered to the load resistance R, is
A =i .R (11.22)
The supply power factor, using the rms current in equation (11.20), is
pf = power, A,
apparent power

V2
2 ; v '
R _ IR _Vems | 1) 5 SNP COS\P+9) pcos(p+9) COS ¢ = 11 x COS ¢
iV 4 4 Cos ¢

rms’

(11.23)

27

The characteristics for an R-L-E load can be determined by using a = 0 in the case of the half-wave
controlled converter in section 12.2.1iii.

For a purely inductive load, L, 8= 2T is substituted into the appropriate equations. The average output
voltage tends to zero and the current is given by

Vav

i {1 - cosmt} (A)

which has a mean current value of V2 V/wL.

i(ot) =

11.1.3i — Inductor equal voltage area criterion
The average output voltage V,, given by equation (11.19), is based on the fact that the average voltage
across the load inductance, in steady state, is zero. The inductor voltage is given by

v,=Ldi|dt V)
which for the circuit in figure 11.2a can be expressed as
[P ae ="t di=10,-1) (11.24)

If the load current is in steady state then il7 =/,, which is zero here, and in general
j v, dt=0 (Vs) (11.25)

The inductor voltage waveform for the circuit in figure 11.2a is shown in the last plot in figure 11.2b. The
inductor equal voltage area criterion implies that the shaded positive area must equal the shaded
negative area, in order to satisfy equation (11.25). The net inductor energy at the end of the cycle is zero
(specifically, unchanged since /, =/,), that is, the energy into the inductor equals the energy transferred
from the inductor. This area aspect is a useful aid in predicting and drawing the load current waveform.

It is useful to superimpose the supply voltage v, the load voltage v,, and the resistor voltage vg
waveforms on the same time axis, wt. The load resistor voltage, vg = Ri, is directly related to the load
current, i. The inductor voltage v, will be the difference between the load voltage and the resistor
voltage, and this bounded net area must be zero. Thus the average output voltage is V, =1 ,R. The
equal voltage areas associated with the load inductance are shown shaded in two plots in figure 11.2b.

11.1.3ii - Load current zero slope criterion
The load inductance voltage polarity changes from positive to negative as energy initially transferred into
the inductor, is released. The stored energy in the inductor allows current to continue to flow after the
input ac voltage has reversed. At the instant when the inductor voltage reverses, its terminal voltage is
zero, and

v,=Ldi[dt =0

thatis di/dt =0

The current slope changes from positive to negative, whence the voltage across the load resistance
ceases to increase and starts to decrease, as shown in figure 11.2b. That is, the Ri waveform crosses
the supply voltage waveform with zero slope, whence when the inductor voltage is zero, the current
begins to decrease. The fact that the resistor voltage slope is zero when v, = 0, aids prediction and
sketching of the various circuit waveforms in figure 11.2b, and subsequent waveforms in this chapter.

(11.26)

11.1.4 Half-wave rectifier circuit with an R load and capacitor filter

The output voltage ripple factor of a half-wave rectifier with a resistive load can be improved by adding
decoupling capacitance across the load output, as shown in figure 11.4.
In the period a<wt<p
v, (£) =2V, sinot
and
av, v,

+
at R

L

fi=i.+i,=C
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Solving for the source current i

i(t)= %[w&c cos ot +sinawt |
L
:% 1+(wR,C) cos(wt -0) (11.27)
L
where ¢ = tan™

R C

L

Since is =0 when wt =, B-0=%m. Thatis

L= +6="Yaz+tan™ 1
oR,

VW
N

Ve c % Ry S

(@) (b)

Figure 11.4. Single-phase half-wave rectifier:
(a) circuit with a capacitively filtered resistive load and (b) waveforms.

For the period B<swt<2m + a

i.=0
and
Ca;;" +%‘::0 where v, (ot = ) =2V, cos 6

Therefore
v, (t)=2V,e "™ cosg (11.28)

Since v, =V2V, sina when wt=2m+a

347-6)tano

sing = e el cosd

where a can be solved iteratively.

The peak to peak ripple voltage is 2V (1 - sina), which decreases as C increases for which a—'51. The
peak inverse voltage rating of the diode is approximately 2V2V,.

The full-wave rectified case is considered in section 11.1.8iv, where the period boundary wt = m+a is
used.

Example 11.2:| Half-wave rectifier with source resistance

In the dc supply half-wave rectifier circuit of figure 11.5, the source voltage is 230V2 sin(2m 501) V with
an internal resistance R;=1 Ohm, R, =10 Ohms, and the filter capacitor C is very large. Calculate

i. the mean value of the load voltage, V, |

ii. the diode average and peak currents, Ip, I,

iii. the capacitor peak charging and discharging currents
iv. the diode reverse blocking voltage, Vpr
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Figure 11.5. Single-phase half-wave rectifier: (a) circuit with a resistive load and (b) waveforms.

Solution

i

jii.

Because the load filter capacitor is large, it is assumed that the dc output voltage is ripple free
and constant. The capacitor provides the load current when the ac supply level is less that the
dc output. The load current and peak diode (hence supply) current are therefore

AT A
R R

L i

The ac supply provides current, through the rectifying diode, during the period
/5=%(ﬁl/ssinwt—l/u) asot<p

If the capacitor voltage is to be maintained constant, the charge into the capacitor must equal
the charge delivered by the capacitor when the rectifying diode is not conducting, that is

a+2nr

f(/; ~i,)dot= [ j,dot

m B
Also
V, =2V, sina
7—-0 7+0
=Ty Py
Manipulation yields
tanva0 -0 =22 12 _01,
R, 100

An iterative solution yields 6 = 99.6° that is, the diode conducts for a period of 5.53ms
(10msx99.6°/180°), every cycle of the ac supply, 20ms. The capacitor, hence output voltage, is

V, =2V, sina =2V, sin ==

— 2% 230V % sinw ~209.95V

The average diode current is given by

171 . 1 7-6
I, :Z:[E(ﬁl/;smwt—l/g)dwt:ﬁ[ﬁl/s xzxcosT—l/Dxﬁj

1 180° - 99.6° 99.6°
= 2x230Vx2 — =" -209.95V =21.0A
Zﬂxm[fx 30V x 2 x cos 09.95 ><7[><1800j 0
Alternatively, as would be expected, the average diode current is the average load current:
7, =1,= Y 22099V 5 0p
R, 10Q

The peak diode current is
N2V, -, J2x230v-210v
TR 10

i

I, -115.3A

The capacitor peak charging current is the difference between the peak diode current and the
load current, viz., 115A - 21A = 94A, while the peak discharging current is the average load
current of 21A.
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The diode reverse voltage is the difference between the instantaneous supply voltage and the
output voltage 210V. This is a maximum at the negative peak of the ac supply, when the diode
voltage is V2x230V + 210V = 535.3V. During any period when the load is disrupted, the output
capacitor can charge up to V2x230V, hence the diode can experience, worst case, 2xV2x230V
=650.5V.

*

11.1.5 Half-wave circuit with an R-L load and freewheel diode

The circuit in figure 11.2a, which has an R-L load, is characterised by discontinuous current (i = 0) and
high ripple current. Continuous load current can result when a diode Dy is added across the load as
shown in figure 11.6a. This freewheel diode prevents the voltage across the load from reversing during
the negative half-cycle of the ac supply voltage. The inductor energy is not returned to the ac supply,
rather is retained in the load circuit. The stored energy in the inductor cannot reduce to zero
instantaneously, so the current is forced to find an alternative path whilst decreasing towards zero.
When the rectifier diode D4 ceases to conduct at zero volts it blocks, and diode Ds provides an alternative
load current freewheeling path, as indicated by the waveforms in figure 11.6b.

Lot |
4 D _ * - S <
-- TNy "1
’ VR T \
C.. v =+/2Vsin wt I io Vo Dy
I + \ ‘
4 .
‘ _7 V_" L \~ - I_ —_—— Df
(a}
q=1r=1 s=1
p:::;xs v A
Vo v VR =V
V2V -
v = iR
Vi
A, ///ﬂ//
o r N\ 2w wt
N ’
\\
Ve | ~e’ v
V2V |-
/
0 wt

{b)
Figure 11.6. Half-wave rectifier with a load freewheel diode and an R-L load:
(a) circuit diagram and parameters and (b) circuit waveforms.

The output voltage is the positive half of the sinusoidal input voltage. The mean output voltage (thence
mean output current) is

e
V,=L,R=5_[ aVsinot dot

B (11.29)
n:ﬁ% = 045xV=1,R W)
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The rms value of the load circuit voltage vyis given by

Vv = %J.:(\/EI/ Sinwl’)zd(ul’

rms

(11.30)
= V/_ -071xV vV
i =07 Y
The output ripple (ac) voltage is defined as
Vo 2 V2 -V

:/[ﬁ%] —(ﬁ%jzzvm = 0.545xV ansn

hence the load voltage form and ripple factors are defined as
FF, =V, |V, =Y%r =157

rms

SV, 1V, = () -1=JFRT-1 =\ -1 = 1211

After a large number of ac supply cycles, steady-state load current conditions are established, and from
Kirchhoff’s voltage law, the load current is defined by

(11.32)

LE+R/ 2V sinot A)  O<ots<r (11.33)
and when the freewheel diode conducts
L%JrR/ 0 (A) r<wt <27 (11.34)

During the period 0 < wt < 11, when the freewheel diode current is given by ips = 0, the supply current,
which is the load current, are given by

i(ot) =i (ot) = ‘fl//sm(a)t #)+ (L, + ﬁ%singﬁ)e"”'/‘a"“’ (A) (11.35)
O<wt<r
for
V2v 14+e/en
Lo = =SNG g —ariong (A
where Z = JR*+(wl) (ohms)
tan ¢ = wl /R

During the period 1 < wt < 21, when the supply current i = 0, the freewheel diode current and hence
load current are given by
i (o) = ipp(ot) = I, g (@r-mend (A) r<ot<2r (11.36)
for
VR IaZzeﬂ/taW (A)
For discontinuous load current (the freewheel diode current iy falls to zero before the rectifying diode D4
recommences conduction), the appropriate integration gives the average diode currents as

7 \/_7( (1 + Erﬂ/taw) x sin? ¢)
(11.37)
Iy = 7 7 ﬁ(1+ewhaw)xsinz¢
T

In figure 11.6b it will be seen that although the load current can be continuous, the supply current is
discontinuous and therefore has a high harmonic content.

The output voltage Fourier series (V,+ V;+V, -, 4 6.) is (see equation (11.6))

v, (t):ﬂ+ v sinot - J2v %cosnm‘ (11.38)
T nZ246 (/7 —1)

Dividing each harmonic output voltage component by the corresponding load impedance at that
frequency gives the harmonic output current, whence rms current. That is
v, A 4

I - f (11.39)
z, \R+anL\ \/Rz (naLy
and
I, = |I" + z Wi? (11.40)
n=1,2,4,6.
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Example 11.3: Half-wave rectifier — with load freewheel diode

In the circuit of figure 11.6, the source voltage is 240v2 sin(2m 50¢) V, R = 10 ohms, and L = 50 mH.
Calculate

i. the mean and rms values of the load voltage, V,and Vs

ii. the mean value of the load current, 7,

jii. the current boundary conditions, namely Ios, and Iz

iv. the average freewheel diode current, hence average rectifier diode current
v. the rms load current, hence load power and supply rms current

vi. the supply power factor

If the freewheel diode is removed from across the load, determine

vii. an expression for the current hence the current extinction angle
viii. the average load voltage hence average load current

ix. the rms load voltage and current

x. the power delivered to the load and supply power factor

From the rms and average output voltages and currents, determine the load form and ripple factors.

Solution

i.  From equation (11.29), the mean output voltage is given by

ﬁl// 2 x 240V
[ =N2x2400/ _ 108y

From equation (11.30) the load rms voltage is
V.=V /[\2 = 240V/\2 = 169.7V

ii. The mean output current, equation (11.29),
7 -V 17 V2 ><240V -
I, = A 10 = 10.8A

iii. The load impedance is characterised by
Z = R +(oL)
=107 + (27 x50Hzx 0.05) = 18.62 Q
tan ¢ = wl/R
=27 x50Hz x 0.05H /10Q =1.57 or ¢ =57.5° =1rad
From section 11.1.5, equation (11.35)

-z/tang
I,. ‘/—V/ sing ————— l+e

-r/tan ¢ _ -r/tan ¢

) ~ l+e
L. = V2 240\%8.629 xsin(tan™1.57) x P

—7/1.57
=3.41A

Hence, from equation (11.36)
I, =1I,e"" =341xe""=2522A

olx

Since /,,. =3.41A >0, continuous load current flows.

iv. Integration of the diode current given in equation (11.36) yields the average freewheel diode current.

17, 17
o =5 ! Iyt doot =~ { I, et gt

- i]zs.ZZA x @IS of o 25é22A x1.57rad x {1 —e ﬁ} —5.46A
JT

The average input current, which is the rectifying diode mean current, is given by
I,=T, =1,-I,=10.8A-546A=5.34A

v. The load voltage harmonics given by equation (11.38) can be used to evaluate the load current at
the load impedance for that frequency harmonic.
v(t)= \/ZV +ﬂ inot - z 2;/2'/ cos (naot)
n =246 (n - 1)
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The following table shows the calculations for each frequency component.

harmonic V= Z\/i Z, =R +(”5"L)Z I = v
" (n2 - 1)71' "z, WI?
n V) @ (A)
0 (108.04)" 10.00 10.80 (116.72)
1 (169.71)* 18.62 9.1 41.53
2 72.03 32.97 2.18 2.39
4 14.41 63.62 0.23 0.03
6 6.17 94.78 0.07 0.00
8 3.43 126.06 0.03 0.00
see equation (11.38) for first two terms I+ YW= 160.67

The rms load current is

I.= [+ Y wr -160.7-12.68A
n=1,2,4..

The power dissipated in the load resistance is therefore
Poo = I2.R =12.68A% x10Q = 1606.7W

100

The freewheel diode rms current is

I, =y i](lmeﬂ/ta"a’)z dot
0

= Zi](zs.ZZA x e Y g ot - 8.83A
7o

Thus the input (and rectifying diode) rms current is given by
2 -1

Dlps — Is,ms = A Lrms ~ Lo rms

=+/12.68* - 8.83* =9.09A

vi. The input ac supply power factor is
P 1606.7W
pr

TV I~ 240Vx9.09A

rms* rms

=0.74

vii. If the freewheel diode Dy is removed, the current is given by equation (11.15), that is

N2v

i(t) = 7{sin (ot-¢) + sing e'wt/tangﬁ}

=M{sin (ot-1.0) + 0.841x e'””l-W}
18.62Q
=18.23x {sin (wt-1.0) + 0.841x e"“'“'57} (A) 0<at <p (rad)
The current extinction angle § is found by setting i = 0 and solving iteratively for 8. Figure 11.3a
gives an initial estimate of 240° (4.19 rad) when ¢ = 57.5° (1 rad). That is
0=sin (#-1.0) + 0.841xe”?t%
gives B =4.08 rad or 233.8°, after iteration.

viii. The average load voltage from equation (11.19) is
V, = $2(1-cos p) = Y2240V (1 _ c0s4.08) = 86.0V
The average load current is
I,=V,/R =86.0V/10Q = 8.60A
ix. The load rms voltage is 169.7V with the freewheel diode and increases without the diode to, as
given by equation (11.20)
Ve =V[ %, {B-asin2p}]"
=240V 14 {4.08 - V2sin2x4.08}]" = 181.6V
The rms load current from equation (11.20) is decreased to

Chapter 11 Naturally Commutating AC to DC Converters- Uncontrolled Rectifiers 440
2
AR 5 sin B cos(a + B+ ¢)
m 7\ 2 cos ¢
2
in4. 4. 1.57
_ 240V 11 [, 00 S 08cos(4.08+1.57)| | _ 9.68A
18.62Q |27 cos1.57

Removal of the freewheel diode decreases the rms load current from 12.68A to 9.68A.

x. The load power is reduced without a load freewheel diode, from 1606.7W with a load freewheel
diode, to
Poq = 12.R =9.68% x10Q = 937W
The supply power factor is also reduced, from 0.74 to

pf = fae _ BTW 49
Vool ms 240V x9.68A
circuit with freewheel diode circuit without freewheel diode
Load factor
form factor ripple factor form factor ripple factor
FF =" e RF =\FF*-1 FF =" e RF =\FF*-1
Voltage factor 169.7V/108V = 1.57 1.21 181.6V/86V=2.1 1.86
Current factor 12.68A/10.8A=1.17 0.615 9.68A/8.60A=1.12 0.517
*

11.1.6 Single-phase full-wave bridge rectifier circuit with a resistive load, R

The simplest meaningful single-phase full-wave load to analyse is the resistive load. The supply is
impressed across the load every ac cycle half period, when load current flows.
The load voltage and current shown in figure 11.7a are defined by

v,(0t)=i,R=N2Vsinot|  O<ot<2r (11.41)
The average dc output current and voltage are double the half-wave case and are given by
l/o:IGR:lfﬁl/sina)tdwt:&l/:o.%l/ (11.42)
Ty bl

The rms voltage across the load, and rms load current, are V2 greater than the half-wave case,
specifically

7: V2
V, e = szvl sin® ot dwt} =1, R=V (11.43)
)
and the power dissipated in the load, specifically the load resistor R, is
I/Z
Fo=LomR =— (11.44)

The ac current in the load is

I/ 8 V2
I, =Jr -I’=—|1-— 11.45
s S (149
The load voltage harmonics are (twice the half-wave case, without the supply frequency component)

vo(mt):w%-“@’{

V4
forn=2,4,6, ...

Lcos 2wt+icos 4ot.. + 21
1x3 3x5 n -1

COS Nt ........ } (11.46)

11.1.7 Single-phase full-wave bridge rectifier circuit with a resistive and back emf load, R-E

With an opposing emf E in the load circuit, the load current and voltage waveforms are as shown in
figure 11.7b. Load current commences when
. E
ot =a=sin" —— (11.47)
2v

and ceases when

ot =7 -a=r1-sin (11.48)

£
2v
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Diodes conduct every ac half cycle for a period 6 = 7 - 2a, during which energy is delivered to both the
load resistor R and load back emf E.
The load average and rms voltages are

v, =262 1 [ Vavsinot dot
T T 2

= ZEE+E«/§Vc05a
T T
1 2 2
I/om={2552+V2[1—25+7sin2aj:] (11.50)
a T T
\2v
load
voltage
V2V/R
wt
™
ac s’upplly .5 \ I
1
VOI age\ l \ l
\/ \/
£\ N2V 7 load
/ \ voltage
Vo
(R E -
(N2V-E)/R
(b) \ 1
acsupply VvV \ I
voltage I \ /
\/ \/
Figure 11.7. Single-phase full-wave rectifiers:
(a) purely resistive load, R and (b) resistive load R with back emf, E.
The load average and rms currents are
Iafﬁ{zfvsm‘/ze EQ} (11.51)
which is double the half-wave case and
2 V2
I, = 1{'/ sing - 4ﬁl/Esin‘/zH+(l/z+Ez)g:l (11.52)
R| n T n
which is V2 greater than the half-wave case.
The total power delivered to the load is (double the half-wave case):
P =P +P =I R+EI (11.53)

Example 11.4:|  Full-wave rectifier with resistive and back emf load

A dc motor, with series armature resistance of 10Q and a back emf of 100V dc, is fed via a full-wave

rectifier from the single-phase 230V 50Hz ac mains. Calculate

i. The average and rms motor voltages and currents, and diode maximum reverse voltage
ii. The supply power factor and motor efficiency

(11.49)
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Solution

With a 100V back emf, the circuit and waveforms in figure 11.7b are applicable.
The current starts conducting when
ot =a =sin™ £ sin _1oov 17.9°

2v N2 x 230V

The current conducts for a period 6=1m-2a=180°-2x17.9=144.2°, ceasing at wt=1m-a=162.1°.
i. The average and rms load currents and voltages are given by equations (11.49) to (11.52).
A :ZEngE\/il/cosa
V4

=2x 1oov£ 2 2% 230V x cos17.9° = 216.9V
180°  «
I, = {2\/—1/5|n‘/ 20 - E ‘1
R
M5|n1/2><144.2° 100V x 144271 44 7a
109 180°

orms

Vv {2 EZ+V2(1 2= +7sm2aJ}

y

179 79° ik
=| 21007 0+ 230° | 1-2x 7S|n2><179° =231.4V
5 V2
- :l{v—sma 4ﬁVEsin1/z€+(V2 +Ez)g}
R| n V4 V4
1 [230° 42 144.2°]"
= N144.2° - =% 230V x 100V x sin V2 x 144.2° + (2307 + 100 ) =~
100Q| « T 180°
=14.43A

The diode maximum reverse voltage is V2x230+100=425.3V.

ii. The motor loss is the loss in the 10Q resistance in the dc motor equivalent circuit
P, =12 R =14.43 x10Q = 2082.2W

The back emf represents the source of electrical energy converted to mechanical energy
P.=E xI,=100Vx11.7A =1170W

The supply power factor is defined as the ratio: supply power delivered to apparent supply
power
of _P_ P+ P _ 2082.2W +1170W ~0.98
S VxI,,. 230V x14.43A
The motor efficiency is
ge—te ___ WOW ___ i60_36.0%
P, +FP. 2082.2W +1170W

L]

11.1.8 Single-phase, full-wave bridge rectifier circuit with an R-L load

Single-phase full-wave diode bridge circuits are shown in figures 11.8a and 11.8b. Both circuits appear
identical as far as the load and supply are concerned. It will be seen in part b that two fewer diodes can
be employed but this circuit requires a centre-tapped secondary transformer where each secondary has
only a 50% copper utilisation factor. For the same output voltage, each of the secondary windings in
figure 11.8b must have the same rms voltage rating as the single secondary winding of the transformer
in figure 11.8a. The rectifying diodes in figure 11.8b experience twice the reverse voltage, (2v2 V), as
that experienced by each of the four diodes in the circuit of figure 11.8a, (v2V).

Figure 11.8c shows bridge circuit voltage and current waveforms. Assuming a 1:1(:1) transformer turns
ratio, and with an inductive passive load, (no back emf) continuous load current flows, which is given by

Lor) =32

1-e T/tang

sin(wt—¢)+ﬂxe"”"“”} O<ot<n (11.54)
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Appropriate integration of the load current squared, gives the rms load (and ac supply) current:
I :K[1+4sin2¢tan¢><(1+e’”"a”“’)]% =1 (11.55)
ms =

r s

The load experiences the transformer secondary rectified voltage which has a mean voltage (thence
mean load current) of

v =1[ \aVsinot dot :YOR:Z*/E% = 0.90V ) (11.56)

Since the average inductor voltage is zero, the average resistor voltage equals the average R-L voltage.
The rms value of the load circuit voltage vjis

2n . 2
V. = \/217j0 (V2vsinot) dot = v V) (1157
From the load voltage definitions in section 11.4, the load voltage form factor is constant:
A, =V v 2111 (11.58)

T, ZZﬁl//zzﬁ
v

s vpy

D, D; g

A 1. @r

q=2 r=1 s=1
p=qxrxs
p=2

jﬂ
e e ],
iy liz) I3 (/g
0 | |
n 27
is
LT T,
0
‘—\Q:/(l__’:
VD1
0
V2V = (2/2V forcet b)

{c)

Figure 11.8. Single-phase full-wave rectifier bridge: (a) circuit with four rectifying diodes;
(b) circuit with two rectifying diodes,; and (c) circuit waveforms.

The load ripple voltage is
I/RI 2 _Voz

rms

7 (11.59)
=J|/Z—(2ﬁ4) V=V 1-8,=0435V )
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hence the load voltage ripple factor is

RF, 2V, |V, = JFF} -1

(11.60)

RE = \L-(2) [ 22/ -7 "1-0483 £ -z/2/2-111
which is significantly less (better) than the half-wave rectified value of 1.211 from equation (11.32).
The output voltages and currents (rms and average) can be derived from the voltage Fourier expansion
in equation (11.46):

v, (ot)

The first term is the average output voltage, as given by2 e%uatizon 2(11.56). Note the harmonic
magnitudes decrease rapidly with increased order, namely 3°75 '35 63 . The output voltage is
therefore dominated by the dc component and the harmonic at 2w.

2
T i34l —

_BR2v 2 g 2 -cos ot (11.61)
V1

The output current can be derived by dividing each voltage component by the appropriate load
impedance at that frequency. That is

7Y _20v
° R R

" 2 (11.62)
Inziziz LA - for  n=2,46.
Z 7 R +(nel)

The load rms current whence load power, critical load inductance, and power factor, are given by

La=|+ Y wxr P=IR
n=24, (11.63)

P, I R R .

= = L., =—— (see equation 11.67

Vi v o =3, q )

Each diode rms current is 7, /x/f. For the circuit in figure 11.8a, the transformer secondary winding
rms current is I,,,s, while for the centre-tapped transformer, for the same load voltage, each winding has
an rms current rating of I, / V2. The primary current rating is the same for both transformers and is
related to the secondary rms current rating by the turns ratio. Power factor is independent of turns ratio.

pr

11.1.8i - Single-phase full-wave bridge rectifier circuit with an output L-C filter
A — with an output L-C filter and continuous inductor current

Table 11.1 shows three typical single-phase, full-wave rectifier output stages, where part c is a typical
output filtering stage used to obtain a near constant dc output voltage.

If it is assumed that the load inductance is large and the load resistance small such that continuous load
current flows, then the bridge average output voltage V, is the same as the average voltage across the
load resistor since the average voltage across the filter inductor is zero. From equation (11.61), the
dominant load voltage harmonic is due to the second harmonic therefore the ac current is predominately
the second harmonic current, 7, .. = I, ,. By neglecting the higher order harmonics, the various circuit
currents and voltages can be readily obtained as shown in table 11.1. From equation (11.61) the output
voltage is given by

V,(t)= V, +  V,,cos2a0t

o

22V 232y 2

+ not forn=2
- 7 X7 oy Cos e 0

202y +72ﬁ|/ xgcoszm
T 3 3

=0.90V + 0.60V x cos2wt
With the filter capacitor across the load resistor, the average inductor current is equal to the average
resistor current, since the average capacitor current is zero.
With continuous inductor current, the inductor current is

i(ot)= I, + I,,cos2ot

(11.64)

= %+ %%coszm - 0w + 0.60v x €C0S 2wt (11.65)

2 R \/RZ + (Z(UL)
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From equation (11.65) for continuous inductor current, the average current must be larger than the peak
second harmonic current magnitude, that is

1, >|1,,|
v 27, (11.66)

o

—_ >
R 32,

Since the load resistance must be low enough to ensure continuous inductor current, then 2wl > R such
that Z, = [R* + (zwL)Z ~ 2wl . Equation (11.66) therefore gives the following load identity for continuous
inductor cdrrent

% > %Z% = ﬁ thatis % > %w generally {%? > %n(mz 71)‘0} (11.67)
The load and supply (peak) ac currents are 7, .. =1, .. =1, ,. The output and supply rms currents are
) A :\/Ij +WI :\/Ij U2, (11.68)

and the power delivered to resistance R in the load is
P, = [jl,msR (11.69)

B - with an output L-C filter and discontinuous inductor current

If the inductor current reduces to zero, at angle 3, all the load current is provided by the capacitor. Its
voltage falls to V, (<\2 V) and inductor current recommences when

v, =\2Vsinot -V, (11.70)
at an angle
a=sini L (11.71)
2
By integrating v = L di/dt for i, the inductor current is of the form
i, (a)l’):ﬁ(«/fl/(cosa—coswt)—l/o(mt—a)) (11.72)

where a<wt<B. The voltage V, is found from equation (11.72) by iterative techniques.

11.1.8ii Single-phase, full-wave bridge rectifier circuit with an R-L-E load

An R-L load incorporating a back emf E, is shown in Table 11.1.
For continuous output current

When continuous load current flows, the rectified supply is continuously impressed across the series L-
R-E load, therefore the average and rms output voltages respectively are

v, =lj”ﬁvs sinot d ot =&V5
7o

i (11.73)

V- %E(ﬁvssinwt)z dot =V,

Hence the output voltage form and ripple factors are
A i

FF =20 =
VY, 22

2
RF, = V2 -1= %—1

If the input current is approximated by its fundamental, 470 / z , the following input characteristics are
realised

(11.74)

input displacement factor = DPF = cos¢, = cos0° =1

distortion factor = DF,, = % = &
o T

22

power factor = pf = DPF x DF,, = —
T

2 2
71D, = L0 100 = |7 ~1x100
"=\ DF? 8

Chapter 11 Naturally Commutating AC to DC Converters- Uncontrolled Rectifiers 446

The output current is found by solving
) . di
N2V, sinot =Ri, + L—2
s i o d[’

+E (11.75)
which in steady state yields

wt .
[(6)=Le ™42 l/s[sin(mt—e) -Z‘)LSC;}

(11.76)
where tané = %; Z=NR*+&**; sina= £
R V2v,
and the boundary conditions give
; 2V, 2sing
oz 1- etﬂ%‘*
For continuous conduction, i, (wt =0) 20 in equation (11.76) gives the condition
289 gini > sin(0 - a) + 3N (11.77)
: cosd

1-e@=?

If the left hand side is less than the right hand side, discontinuous current flows in the load, and if the
current extinction angle is 8, then the average output voltage is given by

[70 = l[fﬁﬁl/i sin ot d ot +rm/:'d(u['}
g s
= NV

V, =>=[cosa-cosfp+(z+a-p)sin] (11.78)
V1

In the general solution to the circuit differential equation in equation (11.76), for discontinuous output

current, (zero current boundary conditions), I, for equation (11.76) becomes (during conduction)

V2V, sina
I, =—=|sin(6- —
4 [ (©=-p)+ cos 9}
The conduction period S is found by iteratively solving
) /] sing £ .
sin(B-a)=[1-e®? |x —— — e’ xsin(6 - 11.79
(h-a) [ }cose xsin(6 - a) ( )

Table 11.1: Single-phase full-wave uncontrolled rectifier circuits — continuous inductor current

nd n
Full-wave rectifier circuit 2" harmonic average output output power
current current
L I, PrtPg
Load circuit (A) (A) (W)
(a)
R-L v
Vo R
see : > R
. 2 o0, rms
section R* + (Za)L) '
11.1.8i _22v
and T zZR
12.2.3
a=0
(b)
R-L-E V,-E
Vs R i}
oo o I .R+1E
+ (2
11.8ii _1 zﬁv_E
and R\ =«
12.2.4
a=0
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28 00"
L oL
(c) loue v
lo,ac -
L-RIC R %
voT o2 - r,.R=T.R
ac i ’
see _ 2\2v
section T IR
11.1.8i

Example 11.5:  Full-wave diode rectifier with an L-C filter and continuous load current

A single-phase, full-wave, diode rectifier is supplied from a 230V ac, 50Hz voltage source and uses an
L-C output filter with a resistor load, as shown in the last circuit in Table 11.1. The average inductor
current is 10A with a 4A rms ripple current dominated by the 100Hz component. Ignoring diode voltage
drops and initially assuming the output voltage is ripple free, determine

i.  dc output voltage, hence load resistance and power

ii. ~ dcfilter inductance and its average voltage, whilst neglecting any capacitor voltage ripple
iii.  dc filter capacitance if its peak-to-peak ripple voltage is 5% the average voltage

iv. diode average, rms, and peak current

v. supply power factor

Solution

Since V27 <7, (x/f x4A < 10A) , the output current is continuous.

orms,2

i. The dc output voltage is V,=0.9x230V = 207V. Assuming the 207V is ripple free, that is, Vs =
Ve, then the load resistance and power dissipated are
v
g e 207V 070
7, 10A
P, =V, xT, =207V x10A = 2070W
i, The 100Hz voltage component in the output voltage is given by equation (11.64), that is
v, ,= 22v x 22 cos nwt
' a n -1
= 22v XECOSZwl'
T 3

=0.60 x 230V x cos 2wt = 138 x cos 2wt

which has an rms value of 138/N2 = 97.6V. The 100Hz rms current I, /ﬁ produced by this
voltage is 4A thus

I |4
from 22 = 22

N
4
L= toz 97OV 3ggmy
2wl,, 2x2750Hz x4A
The average inductor voltage is zero.
ii. From part j, the dc output voltage is 207V. The peak-to-peak ripple voltage is 5% of 207V, that is

10.35V. This gives an rms value of 10.35V /2V2 = 3.66V. From

[a/
Vm/ =Im/ x X /2
‘\/E ‘\/E ¢, 100Hz 26()C
I

0,2 4A

=>C= = =1.7mF
20xV, ,  2x2x50Hz x 3.66V
iv. The diode currents are
Iy o =1, o N2 = To4 02, N2 =NI0A” + 4A7 /2 = 10.8A /2 = 7.64A

Ly =1y e IN2=\Tow 02, To=T,41  =10A+2x4A=15.7A
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V. The input and output rms current is

I=1,, =\T.+%I%, =10A" < 4A” =10.8A
Assuming the input power equals the output power, then from part i, P, = P; = 2070W. The
supply power factor is
o=t A 2000W 63
S VI, 230Vx10.8A

&

11.1.8iii- Single-phase full-wave bridge rectifier with highly inductive load— constant load current

With a highly inductive load, which is the usual practical case, virtually constant load current flows, as
shown dashed in figure 11.8c. The bridge diode currents are then square wave 180° blocks of current of
maghnitude 7, . The diode current ratings can now be specified and depend on the pulse number p. For
this full-wave single-phase application each input cycle comprises two 180° output current pulses, hence
p=2.

The mean current in each diode is

Ip =Y 1, =1, ) (11.80)
and the rms current in each diode is
L=Y,1,=1,/\2 (A) (11.81)
whence the diode current form factor is
RFy=1,[T,=\p=2 (11.82)
Since the load current is approximately constant, power delivered to the load is
PxV,I, =Y, v% (W) (11.83)

The supply power factor is pf= I{7 JV =242/=0.90, since I, =1

ms *

11.1.8iv - Single-phase full-wave bridge rectifier circuit with a C-filter and resistive load

The capacitor smoothed single-phase full-wave diode rectifier circuit shown in figure 11.9a is a common
power rectifier circuit used to obtain unregulated dc voltages. The circuit is simple and cheap but the
input current has high peak and rms values, high harmonics, and a poor power factor. The full-wave
rectified case is an extension of the half-wave case considered in section 11.1.4.

The capacitor reduces the ripple voltage, so large voltage-polarised capacitance is used to produce an
almost constant dc output voltage. Isolation and voltage matching (step-up or step down) are obtained
by using a transformer before the diode rectification stage as shown in figures 11.8a and b. The resistor
R across the filter capacitor represents a resistive dissipative load.

As the ac supply voltage rises to its extremes each half cycle, as shown in figure 11.9b, a pair of rectifier
diodes D1-D2 or D3-D4, alternately become forward biased at time wt = a. The ac supply provides load
resistor current and simultaneously charges the capacitor, its voltage having drooped whilst providing
the load current during the previous diode non-conduction period. The capacitor charging current period
6. around the ac supply extremes is short, giving a high peak to rms ratio of diode and supply current.
When all the rectifier diodes are reverse biased at wt = 8 because the capacitor voltage is greater than
the instantaneous supply ac voltage, the capacitor supplies the load current and its voltage decreases
with an R-C time constant until wt = m+a. The output voltage and diode voltages, plus load current v, /R,
and capacitor current C dv,/dt are defined in Table 11.2.

The start of diode conduction, a, the diode current extinction angle, 8, hence diode conduction period,
6., are specified by the following equations.
Fromi+ir=0atwt=0:

NG V2V
X

———Cos ——sinf=0
prmsing

(11.84)
B =tan (~eRC) =z —tan™ (wRC) Yhr<p<rx
By equating the two expression for output voltage at the boundary wt = m+a gives
N2V [sin(z + a)| = N2V sin p x e e (11.85)

and a transcendental expression for a results:
sing —sin g xe R < g (11.86)
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Figure 11.9. Single-phase full-wave rectifier bridge:

(a) circuit with C-filter capacitor and (b) circuit waveforms.

Table 11.2: Single-phase, full-wave rectifier voltages and currents

. Diodes conducting Diodes non-conducting
vs(wt) = V2Vsinwt
aswtsp Bswtsm+a
Output voltage Vo(wt) V2V [sinot| N2V sin g x @ (-Piens
Diode voltage Vp(wt) 0 and -V2Vsinot | —2Vsingxe @ L 2V sinwt
Capacitor current io(wt) \/% cos wt \/% x g w-Planp
Resistor current ir(wt) \/% sin ot \/% xe A (wt)
i i In(wt)=
Diode bridge ‘D(w) . . sin(ot + ) 0
current io(wt)+ ir(wt) Rcosg¢

The diode current conduction period 6, is given by

0. =p-a

(11.87)

When the diodes conduct, R and C are in parallel and tang = «C R .
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When the diodes are not conducting, the output circuit current flows in a series R-C circuit with a
fundamental impedance of:

Z=JR*+X* and X:%)C

The resistor average voltage and current are
— 1-cosé, -
o2V 2) 7

R S
7 —cosp *

(11.88)

The maximum output voltage occurs at wt = %m when v, =I70 =l75 =2V, while the Jminimum output
voltage occurs at the end of the capacitor discharge period when wt = a and v, =V, =\2Vsina. The
output peak-to-peak ripple voltage is therefore the difference:

AV, =V, =V, =2V =2V sina =2V (1 -sina) (11.89)
By assuming a = Y2, B = V2tt, and a series expansion for the exponent
vr v (11.90)

°" wRC  2f RC

The ac source current is the sum of the diode currents, that is
] pya=1lg+1. (11.91)

/5 =1p12 = Ipsa
when a < ot < B. Otherwise is=0.

Since the capacitor voltage is in steady-state, the average capacitor current is zero, thus for full-wave
rectification, the average diode current is half the average load current.
The peak capacitor current occurs at wt = a, when the diodes first conduct. From the capacitor current

equation in table 11.2:
1. =\2VwC cosa (11.92)

From table 11.2, the peak diode current occurs at the same time as the peak capacitor current, wt = a:
I,=i(r+a)+iy(7+a)

(11.93)
_J2veccosa+ 32 sna -2 cos a2 ging :ﬂgsin(amﬁ)
R X R R X

Similar expressions can be derived for the half-wave rectifier case. For the non-conduction period,
B=2mr+a. The output ripple voltage is about twice that given by equation (11.90) and the average resistor
voltage in equation (11.88) (after modification), is reduced. The diode PIV rating is 2\2V in both cases.

Example 11.6:/  Single-phase full-wave bridge rectifier circuit with C-filter and resistive load

A single-phase, full-wave, diode rectifier is supplied from a 230V ac, 50Hz voltage source and uses a
capacitor output filter, 1000uF, with a resistor 100Q load, as shown in Figure 11.9a. Ignoring diode
voltage drops, determine

i. expressions for the output voltage

ii.  output voltage ripple Av,and the % error in using the approximation equation (11.90)

iii. expressions for the capacitor current

iv. diode peak current

v. average load voltage and current

Assuming the output ripple voltage is triangular, estimate
vi. average output voltage and rms output ripple voltage
vii. capacitance C for Av, = 2% of the maximum output voltage

Solution

The supply voltage is vs=2x230 sin21 50t, which has a peak value of 17 =325.3V.
®RC =2750Hz x100Q2 x 1000pF = 31.416 rad
Thus X' =1/wC=3.1831Q and Z=100.0507Q.
(5 figure accuracy is used because of the sensitivity of the applicable equations around a=90°.)

From equation (11.84) the diode current extinction angle § is
B=r-tan" (wRC) =7z -tan™ (31.416rad) = 1.6026rad = 91.8°
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The diode current turn-on angle a is solve iteratively from equation (11.86), that is
. . ~(z+a-p)loRC _
sinag-singxe =0

sina —sin1.603x e " IS _g

gives a = 1.16095 rad or 66.5°. The diode conduction period is 6;= - a =1.6026 -1.16095 = 0.44167rad
or 25.3°.

i. From table 11.2, the output voltage, which is the capacitor voltage, is given by
v, (0f) =[NV sinot|  =[325.27V xsinot] 66.5° < ot <91.8°

—(wt’—l .6026rad)/31.416rad —(mt—l .6026rad]/3 1.416rad

v, () =~/2 x230V x sin1.6026rad x € =325.13xe

91.8° < wt <246.5°

ii. The output voltage ripple Av, is given by equation (11.89), that is
AV, =2V (1-sina) = 2230V x (1 - sin1.16026) = 26.94V p-p
From equation (11.90)
4 230V
I/D ~ = =
V2F RC 2 x50Hz x 10002 x 1000pF
The approximation predicts a higher ripple: a +21% over-estimate.

32.5V

. From table 11.2, the capacitor current is
I(ot)= N2V C cos wt = ~[2 230V x 2750Hz x 1000uF x cos wt =102.2 x cos wt
66.5° < wt <91.8°

Vv sin g8 « ef(mt—/i)/mRC _ ~2230V xsin1.16 « ef(wzf1.1s)/31.4 ~3.0x 67(10:71.16)/31.4

.
() =2 1000

91.8° < wt <246.5°
iv. The peak diode current is given by equation (11.93):
}D = «/EVchos:zH%sina

V2 230v

=/2230V x 2750Hz x 1000pF x cos1.16026 + xsin1.16026

=40.7A +3A =43.7A
The peak diode current is dominated by the capacitor initial charging current of 40.7A

V. The average load voltage and current are given by equation (11.88)
= 2V (1-cosd,)
Vg =—+——=
T  —Ccosp
1- 4417
2230V (1-cos0.4417) ), o,
Fa —-€0s1.603
7R _Ve 3123V _ 3.12A
R 100Q
Vi If the ripple voltage is assumed triangular then

(a) The average output voltage is the peak output voltage minus half the ripple voltage, that is
175 - %AV, = \2x230V - 1%x26.9V = 311.8V
which is less than that given by the accurate equation (11.89), 312.3V.

(b) If the 26.9V p-p ripple voltage is assumed triangular then its rms value is %:x26.9/\3 =7.8V

ms.
Vil Re-arrangement of equation (11.90), which under-estimates the capacitance requirement for
2% ripple, gives
C- 4 _ v, B 1
V2F RxAV, 2f Rx2%o0fV, 2f Rx2%
S S 5,000uF
2 x50Hz x100Q x 0.02

&
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v input
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ov

(a) (b)
Figure 11.10. Bridge rectifiers: (a) split rail dc supplies and (b) voltage doubler.

11.1.8v - Other single-phase bridge rectifier circuit configurations

Figure 11.10a shows a transformer used to create a two-phase supply (each phase is 180° apart), which
upon rectification produce equal split-rail dc output voltages, V™ and V. The electrical characteristics
can be analysed as in the case of the single-phase full-wave bridge rectifier circuit with a capacitive C-
filter and resistive load, in section 11.1.8iv. In the split rail case, the rectifiers conduct every 180°,
alternately feeding each output voltage rail capacitor. Thus the diode average and rms currents are
increased by 2 and V2 respectively, above those of a conventional single phase rectifier.

The voltage doubler in figure 11.10b can be used in equipment that must be able to operate from both
115Vac and 230V ac voltage supplies, without the aid of a voltage-matching transformer. With the
switch in the 115V position, the output is twice the peak of the input ac supply. The capacitor C; charges
through diode D1, and when the supply reverses, capacitor C, charges through D2. Since C; and C, are
in series, the output voltage is the sum V¢,+V¢,, where each capacitor is alternately charged (half-wave
rectified) from the ac source Vi. The other, unused, two diodes remain reverse biased, and are only
necessary if the dual input voltage function is required.

With the switch in the 230V ac position (open circuit), standard rectification occurs, with the two series
capacitors charging simultaneously every half cycle. In dual frequency applications (110V ac, 60Hz and
230V ac, 50Hz), the capacitance requirements are based on the supply with the lower frequency, 50Hz.

_j] Three-phase uncontrolled rectifier converter circuits

Single-phase supply circuits are adequate below a few kilowatts. At higher power levels, restrictions on
unbalanced loading, line harmonics, current surge voltage dips, and filtering require the use of three-
phase (or higher - polyphase) converter circuits. Generally it will be assumed that the output current is
both continuous and smooth. This assumption is based on the dc load being highly inductive.

The characteristics of three-phase rectifiers with a purely resistive load are summarised in table 11.6.

11.2.1 Three-phase half-wave rectifier circuit with an inductive R-L load

Figure 11.11 shows a half-wave, three-phase diode rectifier circuit along with various circuit voltage and
current waveforms. A transformer having a star connected secondary is required for neutral access, N.
The diode with the highest potential with respect to the neutral conducts a rectangular current pulse. As
the potential of another diode becomes the highest, load current is transferred to that device, and the
previously conducting device is reverse-biased and naturally (line) commutated. Note that the load
voltage, hence current never reaches zero, when the load is passive (no opposing back emf).

In general terms, the mean output voltage for an n-phase p-pulse system is given by (see example 11.8)

1 zlp
A =m_’:w«/§VcosM dot ) 104
Ly S/ p) )
zlp

For a three-phase, half-wave circuit (p = 3) the mean output voltage, (thence average current) is
V,=TR= Y | P2V sinot dot
4d 7

(11.95)
1,
=V a3 7 )
/3
The rms load voltage is
2
_ |1/ [ * cin? - 3(z B _
vmf\/%%jm (V2v) sin'ot dot =\2v o34 || =L (11.96)
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Figure 11.11. Three-phase half-wave diode rectifier:
(a) circuit diagram and (b) circuit voltage and current waveforms.
The load voltage form factor is
FF, =V""%=1.19l//1.17l/=1.01 (11.97)
2
RF, =ripple factor = ac voltage across the load = (V’”“) -1=0.185 (11.98)
dc voltage across the load 4

The diode conduction angle is 21/n, namely %m. The peak diode reverse voltage is given by the
maximum voltage between any two phases, V3v2 V=6 V. B
From equations (11.80), (11.81), and (11.82), for a constant output current, 7, =/,

: s » the mean diode
current is

I, = %70 = %fo (A) (11.99)
and the rms diode current is
L=Vl m = Vinlo=Yl, (A (11.100)

The diode current form factor is
FFIDZID/ja=‘/§ (11.101)
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The input displacement factor cos® is unity and the input power factor (and displacement factor),
assuming diode square currents, is

pf = Velo ,%VJ", 3 (11.102)
Wl 3y L V2r '
5_\/5

mmf =N (i, - i +1i) RO_T
ir

mmf =N(i,—i,+1,) Yo+

mmf =N(i.—i,+i;) B ol

1:N:N N

9 q=3 r=1 s=1
/ p=qxrxs
p=3

R
120°
|. 120° N
b
B Y

(b}

Iy + 1, + Iy =0=mmf

(a)

a

Figure 11.12. Three-phase zig-zag interconnected star winding, with three windings per limb, 1:N:N:
(a) transformer connection showing zero dc mmf in each limb (phase) and
(b) phasor diagram of transformer primary and secondary voltages.

If neutral is available, a transformer is not necessary. Then the full load current is returned via the
neutral supply. This neutral current is generally not acceptable other than at low power levels. The
simple delta-star connection of the supply in figure 11.11a is not appropriate since the unidirectional
current in each phase is transferred from the supply to the transformer. This may result in increased
magnetising current and iron losses if dc magnetisation occurs. As discussed in section 11.3.5, this
problem is avoided in most cases by the special interconnected star winding, called zig-zag, shown in
figure 11.12a and discussed in section 11.3.7. Each transformer limb has two equal voltage secondaries
which are connected such that the magnetising forces balance. The resultant phasor diagram is shown
in figure 11.12b. 15% more turns are needed than with a star connection. This transformer mmf problem
resulting from half-wave rectification is considered in section 11.3.

As the number of phases increases, the windings become less utilised per cycle since the diode
conduction angle decreases, from 1 for a single-phase circuit, to %1 for the three-phase case.

11.2.2 Three-phase full-wave rectifier circuit with an inductive R-L load

Figure 11.13a shows a three-phase full-wave rectifier circuit where no neutral is necessary and it will be
seen that two series diodes (not in the same bridge leg) are always conducting. One diode (one of Dy,
D3, or Ds, at the highest potential) can be considered as being in the feed circuit, while the other (one of
Dy, D4, or Dg, at the lowest potential) is in the return circuit. As such, the line-to-line voltage is impressed
across the load. Given no two series connected bridge leg diodes conduct simultaneously, there are six
possible diode pair combinations. The rectifier circuit waveforms in figure 11.13b show that the load
ripple frequency is six times the supply. Each diode conducts for %1 and experiences a reverse voltage
of the peak line voltage, V2 V,.
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Figure 11.13. Three-phase full-wave bridge rectifier:
(a) circuit connection and (b) voltage and current waveforms.

The mean load voltage is given by twice equation (11.95), that is

V,=IR-= 1”/!2:3\/51/Lsinwt dot )
51
:ﬁv%:iﬁn =1.351, = 2.34/
V1 T

where V/ is the line-to-line rms voltage (V, =\3V).
Generally the peak-to-peak ripple voltage for n-phases is «/El/ - «/El/ cos’%7 . (see table 11.4)

(11.103)
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The critical load inductance (see figure 12.12) for continuous load current, is £, = %w p(pz 1).
2 X -

The output harmonics of a p-pulse voltage output are

o N2V 2
V. o= _1% 7
o ==177 % %Sm/a[nz—l]

(11.104)
= _1%7 xV, x 2
[ -1]
where n=mpand m=1, 2, 3, ... and V, is the mean output voltage given by equation (11.94).
The output voltage harmonics for p=6 are given by
o = # (11.105)
V4 (n - 1)
forn=6, 12, 18, ..
The rms output voltage is given by
2
V. - [217 [, sint ot da)l‘]
" (11.106)
v 1 3B sy,
2z

Generally, for a p-pulse rectifier output, the rms output voltage is
P cin2
V.. =V.,1+-—sin¢% 11.107
o =VigfL+ osin2 (11.107)

The load voltage form factor = 1.352/1.35 = 1.001 and the ripple factor = \form factor -1 = 0.06.

11.2.2i Three-phase full-wave bridge rectifier circuit with continuous load current

If it is assumed that the load inductance is large, then (even with a load back emf), continuous load
current flows and the dominate load current harmonic is due to the sixth harmonic current, that is
let1,, . = I, . By neglecting the higher order harmonics, the various circuit currents and voltages can
be readily obtained as shown in table 11.3. From equations (11.103) and (11.105) the output voltage is
given by

v,(ot)= V_  + V, ¢ COS 60t

=§ﬁlﬁ+iﬁlﬁ cosnwt for n=6
V4 T

(n*-1) (11.108)

:%ﬁl/[ +%ﬁI/L x3—25c052wt

=135/, + 0.077V, cos2at

The fundamental voltage, hence current, V, /R, is therefore much larger than the sixth harmonic current,
Vo / Zs, thatis I, > 1, . The load and supply ac currents are I, ,. =1, ,. =1, ;. The output and
supply rms currents are

Ly =y =Tt 2 =T+ 2 (11.109)

and the power delivered to resistance R in the load is
p=I"_R (11.110)

o0, rms

11.2.2ii Three-phase full-wave bridge circuit with highly inductive load — constant load current

For a highly inductive load, that is a constant load current the average output voltage and current are
given by equation (11.103), the rms output voltage by equation (11.106), and:
e the mean diode current is

To =1, = %1, () (11.111)
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e and the rms diode current is

Ly = Yirdy e # Yindo = YsIo  (A) (11.112)
e and the power factor for a constant load current is
pf:§:0.995 (11.113)
Va

The rms input line currents are
Im,s:\/glms (11.114)

The diode current form factor is
FFp=1Iym 1T, =13 (11.115)

The diode current ripple factor is

RF, = JFFi-1=12 (11.116)

A phase voltage and current are given by

v, =~2Vsinot (11.117)
- sin(n-1)wt sin(n+1)ot
/azﬂlg sinot + SN(7 Lot sin(n+1)o n=-6,12,18, . (11.118)
z n-1 n+1

with phases b and c shifted by %4m. That is substitute wt in equations (11.117) and (11.118) with wt+%4m.
Each load current harmonic n produces harmonics n+7 and n-1 on the input current.

The total load instantaneous power is given by

p(a)l'):3xx/il/70><(‘/z—%] (11.119)
The supply apparent power is
s=\BV1,,. (11.120)
while the ac power, in terms of apparent ac resistance, is
I/Z
%(:3><R—a[ (11.121)
Using the output voltage from equation (11.103), the output power is
\/5 2
P, =2V —— 11.122
e [f 273 /R (11.122)
) 9
Since Poc =Py, thenR, =2| = |R, = 2R .
v

At the ac input, for a constant load current:

The rms value of the fundamental line current

23 V6
Ly ms :710 /ﬁ:7fg =0.781,

The input distortion, DF, is

I J6,
pF=tor _ %L 3 _gss (11.123)
T

[ANAR

The input power factor, with unity displacement power factor, is therefore

pFf = DF x DPF =3 — 0.955 (11.124)
T

The input total harmonic distortion is

O L U Y g A2
]Ls,l \/Eé Ia

=0.3108 (11.125)

11.2.2iii Three-phase full-wave bridge circuit with highly inductive load with an EMF source

With continuous load current, the output voltage and input characteristics are unaffected by a load back
emf, with the average and rms output voltages given by equations (11.103) and (11.106) respectively.
The input power factor and distortion factor are 3/, as per equation (11.125).
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The output, that is, load current, is found from

L%+R/G+E=«/§l/ssinwt Yr<ot<¥hr

7(»{7%1{ .
i(t)=Le ™ N2V sin (ot - ¢) - 0% (11.126)
V4 Cos ¢
where tan¢:%; Z =NR*+o*l*; sina :L; and I = 2V, Sm¢v
R V2, ‘ 1- e%
Table 11.3: Three-phase full-wave uncontrolled rectifier circuits
h A
Full-wave rectifier circuit 6" harmonic average output output power
current current
Lo s 70 Pr+Pr
load circuit A) ) (W)
(@)
l/ —
R-L 2.6 ~ v, P R
R +(6wl) R o
see
section
11.2.2
(b) y
0,6 vV _ —
11.2.2iii N e il I R+ 1E
R +(6aL) R '
R-L-E % ?
IYY Y
L L
lo,ac|
(c) * loac B
— 1% -
=3 | v = s o '%ﬂ I2, R=T.R
S [0] !
R-L-C ¢l R
ﬁ * Io
Jo,ac|
(d) * loae
11.2.2iv Ygn|vw =3 Yo I R
c| R3 R
R-C 2: ? #

11.2.2iv Three-phase full-wave bridge circuit with capacitively filtered load resistance
Part d in Table 11.1 shows a three-phase full-wave rectifier circuit with a parallel R-C load.

Interval aswt<p
In the interval a < wt <, two diodes are conducting connecting the supply voltage across the load. The
input current provides both the resistive load and the output filter capacitor across the load.
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i=i v =%+C‘Zj

That is

where v, =V, =2V, sinwt  (V, is the line-to-line voltage)

= 0+
i (l‘):@JrﬁVs wC cos ot

= %«/1 +’C*R? cos(wt — ¢) = Y, cos (ot — ¢)

Rcos¢

(11.127)

where tang = ﬁ and g ="Yar +¢

Interval Bswt=<a+m
In the interval 8 < wt < a + %m, the bridge diodes are all reverse biased, isolating the source from the
load (discontinuous input current), and the load current is provided from the output capacitor.

/5:/D+/C:0:%+C‘Z/V;

In satisfying a boundary condition yields
Vo () =ve (£) =va(t) =
(0t-p) (ot-p)

2y, @RC e _ RO, oo (11.128)

N +a?RC? Xe

=R

Equating the two output voltage expressions, equations (11.127) and (11.128), at the boundary wt=a +
241 yields an equation for determining a iteratively.

WRC et Ve
SiNg = ————=¢€ o
1+ 0’R*C?
Is Is
o wt © wt
lo lo
T - ] -
o wt © wt
wCR=\3 wCR<\3
(a) (b)

Figure 11.14. Three-phase full-wave bridge rectifier a capacitive output filter:
(a) verge of discontinuous conduction and (b) continuous current conduction.

Example 11.7:| Three-phase full-wave rectifier

The full-wave three-phase dc rectifier in figure 11.13a has a three-phase 415V 50Hz source (240V
phase), and a 10Q, 50mH, series load. During the problem solution, verify that the only harmonic that
need be considered is the sixth.

Determine
i. average output voltage and current
ii. rms load voltage and the ac output voltage
iii. “rms load current hence power dissipated and supply power factor
iv. load power percentage error in assuming a constant load current
v. diode average and rms current requirements
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Solution

i. From equation (11.103) the average output voltage and current are
V, =1I,R =135V, =1.35x415V = 560.45V

7 = Vo 56045V oo acn
"R ™ 100

ii. The rms load voltage is given by equation (11.106)
V.. =1.352V, =1.352 x 415V = 560.94V
The ac component across the load is

V= V2, V2

ms

=+/560.94V?> - 560.447V* = 23.52V

iii. The rms load current is calculated from the harmonic currents, which are calculated from the
harmonic voltages given by equation (11.105).

harmonic 6V, 3 v
V=—_°% _ [ J =2n
n (e ey Z, =R +(nal) "z wur
0 (560.45) 10.00 56.04 (3141.01)
6 32.03 94.78 0.34 0.06
12 7.84 188.76 0.04 0.00
Note the 12" harmonic current is not significant I+ Y wI = 3141.07
The rms load current is
I =2+ 301
=/3141.07 = 56.05A
The power absorbed by the 10Q load resistor is
B, =12 R =56.05A x10Q = 31410.7W
The supply power factor is
o= P P 31410.7W — 0.955

VeI N3V, 1, J§X415VX\EX56.05A

This power factor of 0.955 is as predicted by equation (11.113), 3/, for a constant current load.

iv. The percentage output power error in assuming the load current is constant is given by

(P g LR | S6045ATx100 , 314104W .
A 2R 56.05A% x 100 314107W  °

v. The diode average and rms currents are given by equations (11.111) and (11.112)
I, =%1 =Y%x56.045=18.7A
I, = %310 s = %gx 56.05=23.4A

Example 11.8: Rectifier average load voltage

Derive a general expression for the average load voltage of a p-pulse rectifier.
Solution

Figure 11.15 defines the general output voltage waveform where p is the output pulse number per cycle
of the ac supply. From the output voltage waveform

4 :ﬁjilnn«/fl/coswt dot
_ v . v
“3ip (sin(z / p)-sin(-z / p)) = 2”//725|n(7r/p)
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V= Vo o1 ) V)
z/p
where
for p = 2 for the single-phase (n= 1) full-wave rectifier in figure 11.8.
for p = 3 for the three-phase (n = 3) half-wave rectifier in figure 11.11.
for p = 6 for the three-phase (n = 3) full-wave rectifier in figure 11.13.

&
vV V2 Vs
T
_T +Z
V4 0
—1, ; '
| it : wt
| |
' I I
I I, wt
| |
| LI
| I3 °
1 -
! ! wt
| 2 !
| il |
p

Figure 11.15. A half-wave n-phase uncontrolled rectifier: output voltage and current waveforms.

The output waveform smoothness, termed harmonic or ripple factor RF is defined by
effective valuesof aclV Q
average value of

I/dC
2 2 2
7
i %

2
where v, = {Z‘%(vjﬂ + vjﬁ)}
=

where FF is termed the form factor. RF, is a measure of the voltage harmonics in the output voltage.

Ripple factor = RF, =

Ripple factors for constant output current rectifiers with different number of pulses, n

n 2 3 6 12 L
% 48.2 18.27 4.18 0.994 0

_j] DC MMFs in converter transformers

Half-wave rectification — whether controlled, semi-controlled or uncontrolled, is notorious for producing a
dc mmf in transformers and triplen harmonics in the ac supply neutral of three-phase circuits.
Generally, a transformer based solution can minimise the problem. In order to simplify the underlying
concepts, a constant dc load current I, is assumed, that is, the load inductance is assumed infinite. The
transformer is assumed linear, no-load excitation is ignored, and the ac supply is assumed sinusoidal.
Independent of the transformer and its winding connection, the average output voltage from a rectifier,
when the rectifier bridge input rms voltage is V and there are g pulses in the output, is given by
l} xlq N
V,=—2— [ cosotdot =V,
27/ q e

The rectifier bridge rms voltage output is dominated by the dc component and is given by

sinz/q (11.129)
T

T

_9q f 2 fnc2 _ q .27
V, s 75£2v5 cos* (wt) dat =V, /1+Zsm? (11.130)

q

Chapter 11 Naturally Commutating AC to DC Converters- Uncontrolled Rectifiers 462

The Fourier expression for the output voltage, which is also dominated by the dc component, is

- 2 _1 k+1
v, (ot)=V, +I/oz%cosknwt (11.131)

k=1

Table 11.4 summarizes the various rectifier characteristics that are independent of the transformer
winding configuration.

Table 11.4: Rectifier characteristics with q phases (see section 11.6)

q Parallel connected secondary windings Series connected secondary windings
phases Star, thus neutral always exists Polygon, hence no neutral
v, =2V sin[ot]
v, =2V sin| ot —2—”}
q
) . 2z
v, =2Vsin ot -(g-1)=—
q
Half-wave Full-wave
v, 9. f2vsinZ 29 2vsinZ 9.5y
T q 4 q V4
Load n= n=q g even n=q q even
harmonics q n=2q q odd n=2q q odd
N V2v .
o 242V cos =
v V2V cos r 2g
, q
@ g even
. T
\2v g even 242V g even SInE
VDR T T
2V cos— odd 2J2V cos— odd
2 2q g 2 2g 7 v g odd
2sinZ
29
N° of diodes q diodes 2q diodes 2q diodes
- A 1,
I, Ly ms 10:; ID,m;:\/E
I =1, g even
I 15:10 l [5:[9\/z qul
q q I =1, g odd
q
Po= VI, 22
e even
S=qVl; 29 sin” Zﬁsin” T q
7 r g 7 g q9
£, =2 T q T g 22
Plioa S —x m g odd

11.3.1 Effect of multiple coils on multiple limb transformers

The transformer for a single-phase two-pulse half-wave rectifier has three windings, a primary and two
secondary windings as shown in figure 11.16. Two possible transformer core and winding configurations
are shown, namely shell and core. In each case the winding turns ratios are identical, as is the load
voltage and current, but the physical transformer limb arrangements are different. One transformer,
figure 11.16a, has three limbs (made up from E and | laminations), while the second, figure 11.16b, is
made from a circular core (shown as a square core). The reason for the two possibilities is related to the
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fact that the circular core can use a single strip of wound cold-rolled grain-orientated silicon steel as
lamination material. Such steels offer better magnetic properties than the non-oriented steel that must
be used for E core laminations. Single-phase toroidal core transformers are attractive because of the
reduced size and weight but manufacturers do not highlight their inherent limitation and susceptibility to
dc flux biasing, particularly in half-wave type applications. Although the solution is simple, the
advantageous features of the toroidal transformer are lost, as will be shown.

i. The E-I three-limb transformer (shell)

The key feature of the three-limb shell is that the three windings are on the centre limb, as shown in
figure 11.16a. The area of each outer limb is half that of the central limb. Assuming a constant load
current I, and equal secondary turns, N, excitation of only the central limb yields the following mmf
equation

mmf =i,N, +i N, —i,N, (11.132)
Thus the primary current i, is
mmf
ly=—(l, =1, )+ 11.133
A (11.133)

From the waveforms in figure 11.16a, since is; — iss is alternating, an average primary current of zero in
equation (11.133) can only be satisfied by mmf=0.

The various transformer voltages and currents are

I
1;1 :152 :[5 :TDZ
N
I =1"= (11.134)
P o /V;7
N, T
V,=V,=V.=V —==—"V
51 52 s P Np Zﬁ o
Therefore the transformer input, output and average VA ratings are
N, V4
S, =Vl +Volp =275, (:5% :1-57%]
P
s.ovi-Nyrl- 2 p_111p (11.135)
pfppf/vppﬂfzx/iaf' o .
= N, 142
S=1(S,+5,) :N—:’foo 3
The average output voltage, hence output power, are
[/0 :&VS :&NS # :0.9N5 [/p
T N, N, (11.136)
F=1V,
Thus
512 5 ip (11.137)
42
Since the transformer primary current is the line current, the supply power factor is
2
—V. 1
o QZVJUZNzr :Zﬁzg_g (11.138)
s Vi, Zey, &]D 4
N, N,

ii. The two-limb strip core transformer

Figure 11.16b shows the windings equally split on each transformer leg. In practice the windings can all
be on one leg and the primary is one coil, but separation as shown allows visual mmf analysis. The load
and diode currents and voltages are the same as for the E-lI core arrangement, as seen in the
waveforms in figure 11.16b. The mmf analysis necessary to assess the primary currents and core flux,
is based on analysing each limb.
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mmfy, =—i,2N, +i,N,
mmfy, = +i,2N, + i ,N, (11.139)
mmf; = mmf, = mmf
ip i
ip mmfy mmf,
- 0 \L .|
N, A <
M o %N, - > N %N
o | ]
N b
s o \‘\ -
Ns 4 ° +
|
}
mmf
[N, Bz
+is1Ns +is2Ns
+isoNs
> mmf 2 mmf;
SN N
Vst s1 Vo Ve ki X
1 \ 1 \
I \ / \
/ \ \
! \ \;
>
wt
Vs Ver
» -
wt wt
Vo1 Vb1
T 2 Vi1 m 2 Vo
Vv, =2xV
; L— -\ —— - . L— A\ ——— - —
st Is1 °
wt wt
D1 D1 - D1 D1 g
N o Io . o Io T
isz wt Is2 wt
D2 D2 - D2 Dy >
N
_710 — _4[[7 —_—
. N N
ip ’ wt ip . wt
> >
N
AT I -1, -
: o
t
mmt ! s mmf NG wt
|

(a) (b)

Figure 11.16. Single-phase transformer core and winding arrangements:
(a) E-I core with zero dc mmf bias and (b) square/circular core with dc mmf bias.
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These equations yield
mmf =N, Va(iy, +1i,)=N21,
N (11.140)
/= 75(/51 - /52)
P Np
These two equations are used every ac half cycle to obtain the plots in figure 11.16b. It will be noticed
that the core has a magnetic mmf bias of 2N,I, associated with the half-wave rectification process.

The various transformer ratings are

]51=152=15= [o 1p=10 Ns
2 N,
N5 Ns
V, =V, ="V, V,, =V, =V, ="V, VN, :I/HN—F (11.141)
N, =
V="V
TN 22
Therefore the transformer VA ratings are
S, =Vl +Vol, =221, [= Zp - 1-57e,j
N, 2
S N, V3
"=V‘”[”+V”Z[”=NTV"I" =EF‘,’=1'11P" (11.142)
5=w(s +5p):1+ﬁﬂv1
s 3 lo
»
The average output voltage, hence output power, are
g:&Vs:&/‘/‘ 12%:&&[/
T z V2N, z N, (11.143)
£ =1y,
Thus
=7r1+\/§P0 =1.34P, (11.144)
42

and the supply power factor is pf =P, /5=0.9.

The interpretation for equations (11.142) and (11.144) (and equations (11.135) and (11.137)) is that the
transformer has to be oversized by 11% on the primary side and 57% on the secondary. From equation
(11.144), in terms of the average VA, the transformer needs to be 34% larger than that implied by the
rated dc load power. Further, the secondary is rated higher than the primary because of a dc component
in the secondary. This core saturation aspect requires special attention when dimensioning the core
size. Additionally, a component of the over rating requirement is due to circulating harmonics that do not
contribute to real power output. This component is particularly relevant in three-phase delta primary or
secondary connections when co-phasal triplens circulate. This discussion on apparent power aspects is
relevant to all the transformer connections considered. Generally the higher the phase number the
better the transformer core utilisation, but the poorer the secondary winding and rectifying diode
utilisation since the percentage current conduction decreases with increased pulse number.

The fundamental ripple in the output voltage, at twice the supply frequency, is %V,.

The two cores give the same rated transformer apparent power and supply power factor, but
importantly, undesirably, the toroidal core suffers an mmf magnetic bias.

In each core case each diode conducts for 180° and

- 7 - N,
I, ="1 I, =—= V,=242—=V, 11.145
o =724, oms = 5 o (Np i3 ( )

With a purely resistive load, a full-wave rectifier with a centre-tapped primary gives

I, ="I, I, =Yl S, =175P, S, =123P, 5=1.49pP, (11.146)

Dms
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11.3.2 Single-phase toroidal core mmf imbalance cancellation - zig-zag winding

In figure 11.17, each limb of the core has an extra secondary winding, of the same number of turns, N.
MMF analysis of each limb in figure 11.17 yields
limbl:  mmf, =-i,N, - i N, +i N,
limb2:  mmf, =i N, + i ,N, —i N,
Adding the two mmf equations gives mmf, =0 and the resulting alternating primary current is given by
N
i :—5(/'51—/52) (11.148)
P Np
The transformer apparent and real power are rated by the same equation as for the previous winding
arrangements, namely

S=1(s, +55):1/{%P0 +%Po] =1.34P,

N,

N, 22 v
b,

Since the transformer primary current is the ac line current, the supply power factoris pf=£, /S =0.9.

The general rule to avoid any core dc mmf is, each core leg must be effectively excited by a net
alternating current.

: N /,—

b i } o2y, )
V3 /

mmf, mr?fq . ,/

(11.147)

(11.149)
where P, =V I, and V, =

Vos

I,—f
D, D, wt

D, D,

mmf ? >

Figure 11.17. Single-phase zig-zag transformer core and winding arrangement
using square/circular core with zero dc mmf bias.
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11.3.3 Single-phase transformer connection, with full-wave rectification

The secondary current is ac with a zero average , thus no core mmf bias occurs.
The average output voltage and peak diode reverse voltage, in terms of the transformer secondary rms
voltage, are

n:ﬂvs V, =2V, (11.150)
The rms output voltage is the bridge input rms voltage:
Voms =V, (11.151)
The various harmonic currents are
I, =&[a=0.9[a 1”:% for # odd (11.152)
v

The power factor angle of the fundamental is unity, while the THD is 48.43%.

The transformer primary and secondary apparent powers are

S -6-"_p_111pP 11.153
b =S=35h , (11.153)
The transformer average VAr rating is
s="_p 11.154
22 ° ( )
Since the line current is the primary current, the supply power factor is
profo 22 (11.155)
S V4

The fundamental ripple in the output voltage, at twice the supply frequency, is %:V,.

With a purely resistive load (as opposed to a constant load current), a full-wave bridge rectifier gives

v, A
- L=% lm=% B (11.156)
I,=hI, I, =Vzl, S =123,  § =123  5=123P

11.3.4 Three-phase transformer connections

Basic three-phase transformers can have a combination of star (wye) and delta, primary and secondary
winding arrangements. For a given line voltage and current, a wye connection reduces the phase
winding voltage by V3, while a delta configuration reduces the phase winding current by V3.

i. Y-y (WYE-wye) is avoided due to imbalance and third harmonic problems, but with an
extra delta winding, triplen problems can be minimised. The arrangement is used to
interconnect high voltage networks, 240kV/345kV or when two neutrals are needed for
grounding.

ii. Y-3(WYE-delta)is commonly used for step-down voltage applications.

iii. A—0 (DELTA-delta) is used in 11kV medium voltage applications where neither primary nor
neutral connection is needed.

iv. A-y (DELTA-wye) is used as a step-up transformer at the point of generation, before
transmission.

Independent of the three-phase connection of the primary and secondary, for a balance three-phase
load, the apparent power, VA, from the supply to the load is

S=\BV, I, =3V, I (11.157)

phase” phase

Also the sum of the primary and secondary line voltages is zero, that is
Vis +Vic +V2 =0
Vg + Ve +V,, = 0
where upper case subscripts refer to the primary and lower case subscripts refer to the secondary.

(11.158)
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Y-y (WYE-wye) connection

Electrically, the Y-y transformer connection shown in figure 11.18, can be summarized as follows.
I, I, V, I, V,

My, =—L=TM =02 I8 _b_ on_c (11.159)

NV, I, I, V, I, V, I
I/AE :VA/V +V/v5 :I/A/V ’VEN :\/gl/A/vejms :‘El/;wl?’oo
VBC:VBN+VNE:|/£7N_I/CN V. :I/CN+I/NA:VC/V_I/AN (11.160)

I,=1,+1,+1, I, =I+1I,+1

The output current rating is (11.161)
ISl
/3 _ 18l
Ty 3V
Ve "B
B C N A b ¢ n a

I Iy

(a) (b)
Figure 11.18. Three-phase Y-y transformer:
(a) winding arrangement and (b) phasor diagrams.
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Y- & (WYE-delta) connection
A-6 (DELTA-del ti
The Y- & transformer connection in figure 11.19 can be summarized as follows. 5( delta) connection
n = & _ Vin _ s _ Ve _ 1y _ Vou _ I In figure 11.20, the A - & transformer connection can be summarized as follows.
NV, IV, I, V., I (11.162) . _&_l/ﬂ_]i_lw Ve L, 1, Vo, I I, (11.164)
Vig =Vy =Vay =V =V = \/gl//weﬂoo N, WV I Ly Ve I I Vo, I I -
[A = [AB - Ia = \/glAﬂeijw = \/51/154 -30°
I=I, -1 =1, -1 =J31_e’® I=I -1, I.=I,-I,
I, +1,+1.=0 I+I,+1.=0 (11.165)
The output current rating is ‘5‘ (11.163) I=I1,-1I, :ﬁ[abeiﬂou _ \/515174 _30° .
I = g:ﬂ [b:[cb_lba ]c:[ac_]cb
“ 4 3V I +I1,+1I =0
The output current rating is
W 5] (11.166)
B C N A I = 3 _ 5 :
v 3V
I //5
A
Vea Ven Ve Vs
Vea
Van Vb
Vs Vap
Ven Voo
I, Vac Ve
Vac Ic I
Ic Ies
Ica Ies
Iab
I Ins I
Is
I, I Iea I
(a) (b) Ig Igc -Ica I, Iy Ipe -Iea I,
(a) (b)
Figure 11.19. Three-phase Y-8 transformer: Figure 11.20. Three-phase A-d transformer:
(a) winding arrangement and (b) phasor diagrams. (a) winding arrangement and (b) phasor diagrams.
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A-y (DELTA-wye) connection

The A-y transformer connection in figure 11.21 can be summarized as follows.

g Ve Ve Vi 1L
ToVe Vo N3V I (Bre ) (11.167)

IA = [AB - ICA = ]AB - ]ABE#MQ = \/ilaneijw

‘5/ S| (11.168)

The output current rating is

b Vs
NE]
B C A b ¢ n a
I y I
Vea Ven Vab
VCA
Vi Van
Vac Vin
Ic
Ica I
IAB
I
Iy
I B I BC -1 CA I A

(a) (b)

Figure 11.21. Three-phase A-y transformer: (a) winding arrangement and (b) phasor diagrams.

11.3.5 Three-phase transformer, half-wave rectifiers - core mmf imbalance

A delta secondary connection cannot be used for half-wave rectification since no physical neutral
connection exists.

i Star connected primary Y-y (WYE-wye)

The three-phase half-wave rectifier with a star-star connected transformer in figure 11.22a is prone to
magnetic mmf core bias. With a constant load current I,,, each diode conducts for 120°. Each leg is
analysed on an mmf basis, and the current and mmf waveforms in figure 11.22a are derived as follows.
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mmf, =N, -N,i,

mmf, =N, -N,i, (11.169)
mmf, =N, ~N,i,

By symmetry and balance, the mmf in each leg must be equal.

If iy is the neutral current then the equation for the currents is

il +ipy =1y (11.170)
The same mmf equations are obtained if the load is purely resistive.
Any ftriplens in the primary will add algebraically, while any other harmonics will vectorially cancel to
zero. Therefore the neutral may only conduct primary side triplen currents. Any input current harmonics
are due to the rectifier and the rectifier harmonics of the order h=cp+ 1 where c=0,1,2,... and p is the
pulse number, 3. No secondary-side third harmonics can exist hence h# 3k for k=1, 2, 3, . Therefore no
primary-side triplen harmonic currents exist to flow in the neutral, that is iy = 0. In a balanced load
condition, the neutral connection is redundant. The system equations resolve to

o N(2. 1. 1.

It :NZ [5’51’5’;2 *5/;3

) N, 2. 1.

[y ==\ =Sl +Zi, =<7

” Np[ 373073
1

)
N (1 2
:*(_*/ —Sla+ 3’53}

/3 s1
2T 3 3

(11.171)
mmf, = N, [7'“ Flat ’53] =i,
Specifically, the core has an mmf dc bias of NI

Waveforms satisfying these equations are show plotted in figure 11.22a. The various transformer
currents and voltages are

I
J =] =J].=] =22
s1 52 53 s \/5
2 N,
L=l =I;=1,="271,
, (11.172)

Voov, —v. v -y e 27
pt =V =V =V, = oiﬁ

2z v
V.=V, =V, =V =V L - Lo
s1 52 53 s 03\/E 1.17

The fundamental ripple in the output voltage, at three times the supply frequency, is %4V,
The various transformer VA ratings are
2

S, =V I +V I, +V,I, 3I/[5:TP7148P
2
Sﬂ:l/pl[p+l/p21p+l/ﬂ[p:3[4715:%/35:1.21/30 (11.173)
5=1(5,+5,)=P, p 26 =1.34P,
343
The average output power is
P =1V, (11.174)

Since with a wye connected transformer primary, the transformer primary phase current is the line
current, the supply power factor is

P VI ENTALY

pf=fe_olo __x "2 ° _gg7 (11.175)
s 3 N, 3N,
P 3RV Sl
N2,

Although the neutral connection is redundant for a constant load current, the situation is different if the
load current has ripple at the three times the rectified ac frequency, as with a resistive load. Equations in
(11.171) remain valid for the untapped neutral case. In such a case, when triplens exist in the load
current, how they are reflected into the primary depends on whether or not the neutral is connected:
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e No neutral connection — a triplen mmf is superimposed on the mmf dc bias of %4NsI,.

e Neutral connected — a dc current (zero sequence) flows in the neutral and the
associated zero sequence line currents in the primary, oppose the generation of any
triplen mmf onto the dc mmf bias of VNI,

ii. Delta connected primary A-y (DELTA-wye)

The three-phase half-wave rectifier with a delta-star connected transformer in figure 11.18b is prone to

magnetic mmf core bias. With a constant load current I, each diode conducts for 120°. Each leg is

analysed on an mmf basis, and the current and mmf waveforms in figure 11.22b are derived as follows.
mmf, =Nyiy —N,i,
miml, = Natsa =Nylro (11.176)

mmf, =Ny =N,i,

iu :/’p1’/.p3 iLZ :ipz’im /LB :/p37ipz

The line-side currents have average values of zero and if it is assumed that the core mmf has only a dc

component, that is no alternating component, then based on these assumptions

mmf, =N, [%]%/v[ (11.177)
The primary currents are then
. ;1 N N2 1. 1.
/1:[/51’710) : :*5[7151’715277/53]
4 3 Np 3 3 3
(. 1 N1 2. 1
I 7(/52 Elﬂij = Np[ 3/51 + 3’52 3/53j (11.178)

. ;o 1 N N1 1 2.
132(/537710j75: 5(77/51’7/52+7/53j
4 3 N, N3 3 3
These line-side equations are the same as for the star connected primary, hence the same real and

apparent power equations are also applicable to the delta connected primary transformer, viz. equations
(11.173) and (11.174).

":E 'QE

The line currents are

N, .
I _*S(/1 / 3)
Np )2 P
N,
iy ==l —iy) (11.179)
L2 Np P2 pL
N, .
13 =*5(I 3/ z)
Np P P
The waveforms for these equations are shown plotted in figure 11.22b, where
7, :&ﬁfu and 7, :& EID
N, 2 N, N2 (11.180)
thatis 7, =317,
5=1.34pP, (11.181)
The supply power factor is
VI
f=—="2_=0.827 11.182
BT (11.182)

Although with a delta connected primary, the ac supply line currents are not the transformer primary
currents, the supply power factor is the same as a star primary connection since the proportions of the
input harmonics are the same.

The rms output voltage is

Vv, =2V

orms s

i[ﬁ+§J (11.183)
2z(3 4

Chapter 11 Naturally Commutating AC to DC Converters- Uncontrolled Rectifiers 474

Each diode conducts for 120° and

= I ~ N,

I, =%1, [DWS:T; VD:«/EN—;VF (11.184)
The primary connection, delta or wye, does not influence any dc mmf generated in the core, although
the primary connection does influence if an ac mmf results.

A B C N
I
| : | L EA A
Vi’ N, N, ‘;ﬂ N, =2 Vs ;
| I . | V in I
| R do1 o2 R Ios R | N | A
mn‘m, mmf, mmf, ‘mmf, n
i ! n |
| | | | | +isNs | | | ! | k
Vs1 : Ns Ns ‘ Vez No : Vss Ro | Vs ; Ns N Vs2 N, Ves R |
V. ‘ ‘ + v,
vl Ly Dy g vi}] v b g
a is1 sz iss ¥/ © L. ¢ - - a isi1 is2 ' b iss Yc L ¢
mmi
D %m s I, ° D; ¥D2 D g,
/ / / \
v \ VaV/ Ve if VY Ve 7y \ ViV Ve VY Vs Y v
/i / I /i
\ \
/ ANy N wt / ANy N AN wt
NS WS L VAL WAL WS A Y AP AR WA WA A W A5 A A Y
\ / o ! \ 2mi o\ / \ ! \ 7 \ / m ! olam ! \ / \ / v\ !
v VARERY Vol Y \/ VIR N N Y
\ \
A /( /( /( /( "\ A /( /( ( /( N\
/\ 7\ 7\ 7\ 7\ / N\ /\ 7\ 7\ 7\ 7\ /' N\
-+~ \\ 4 ~ 4 \\ 7/ \\./ \\ / .—/ \\ 4 \\ 4 \\ / \\./ \\./
> A et
wt Is1
Vor D D 2‘
V-V [ R R S
e 0 o | o
>
A1, 6V, . I,
Is1 Isz
D, D, wt Ds D, W
> >
R e e ; s N
? ° Ip1 L o_z 1 2%, —— wt
Is2 Ip1=3ls1=3ls2-31s3 N
D, D, ﬁl P —p
> -
is 4o o2 21
Ds Ds it VAl & o
| °N
»
it %I, Ni wt i3 | ™ wt
" —n >
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Io2 wt I—=
L I iy = oy = 1p3 v, wt
SVal,—= »
»
Ip3 it A I N,
'
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> >

(a) (b)

Figure 11.22. Three-phase transformer winding arrangement with dc mmf bias:
(a) star connected primary and (b) delta connected primary.




475 Power Electronics

11.3.6 Three-phase transformer with hexa-phase rectification, mmf imbalance

Figure 11.23 shown a tri-hexaphase half-wave rectifier, which can employ a wye or delta primary
configuration, but only a star secondary connection is possible, since a neutral connection is required.
The primary configuration can be shown to dictate core mmf bias conditions.

i. Y-y (WYE-wye) connection

The mmf balance for the wye primary connection in figure 11.23a is
Ny =N, ~N,i, =0

s'sa

N5i53 ’Nslss ’Npipz =0

X ; ! (11.185)
Ns’;s ’Nslsz ’Np/pz =0
p3 =0
The primary currents expressed in terms of the secondary current are
- i _2j _1j ,1;
I = Ns (35 =5l =3l ~5iis +51ss)
NP
- 17 41 2/ .15 ; ;
I = NS (_§151 T3l 33304~ 3/ —é’ss)
i (11.186)
Vs 2/ _1j 417 _2j _1;
2y (_§/s1_§Isz_Slsz+§/s4_§lss_§/se)

1 i . i . .
mmf = N 3(51_152+153_Is4+155_156)

These line side equations are plotted in figure 11.23a. Notice that an alternating mmf exists in the core
related to the pulse frequency, n=2q=6.

The transformer primary currents and the line currents are

i, = glg
(11.187)
/L = ﬂjg
3
Note that because of the zero sequence current, triplens, in the delta primary that
i, =21,
not (11.188)

i, =31,
The transformer power ratings are

55 e

N2 T

| Y, _Zp 11.189
\ [3 = j[3 L =3P (11.189)
- T T T

5:1/2[—\/§PH +§PH] E(«/3+1)P -1.43pP,

ii. A-y (DELTA-wye) connection

When the primary is delta connected, as shown in figure 11.23b, the mmf equations are the same as
with a wye primary, namely

Ny =N, ~N,i, =0
Ny —Nyig—N,i, =0 (11.190)
Nslss Ns’sz p p3 =0
but Kirchhoff's electrical current equation becomes of the following form for each phase:
27
mmf=LJ'N5(i51—/'s4)dwt=O (11.191)

27 g
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Thus since each limb experiences an alternating current, similar to is; - is4 for each limb, with an average
value of zero, the line currents can be calculated from

. N, . . . N, . . i N, . .
It =N7p(’51 */54) 'n2 =N7p(/s3 ’/56) I3 =N7p(/ss ’/sz) (11.192)
The line currents are
N,
Iy =iy =iy *5(/ i =1y ’/55)
N,
»
li2 = lp = Iy = 3 (Sley + oy 1oy = U (11.193)
P
I3=1ps = 1n :75(7/52 syt s Jr/ss)
N

The transformer primary currents and the line currents are
1

i, =—=1,
3 (11.194)
I/, = \/glg
The transformer power ratings (which are relatively poor) are
I,
S, 6[ ] P =1.81P,
AN f
I,
s =3(ij P, =128P, (11.195)
NN f
1
S=wnlZp+Z :vzl[u—jf; =1.55pP,
[I f j BBU V2
The same primary and secondary apparent powers result for a purely resistive load.
The supply power factor is pf= 3/1r=0.955.
Independent of the primary connection, the average output voltage is
[/0:3*/E|/5 (11.196)
T

and the rms output voltage is

6 (7 \/5
Vims =N2V, |=—| =+— 11.197
f51/2”[6+4] (11.197)

The diode average and rms currents are
I, == I, = =-% (11.198)

The maximum diode reverse voltage is
v, =22V, (11.199)

The line currents are added to the waveforms in figure 11.23a and are also shown in figure 11.11b. The
core mmf bias is zero, without any ac component associated with the 6-pulse rectification process. Zero
sequence, triplen currents, can flow in the delta primary connection. A star connected primary is
therefore not advisable.

If a single-phase inter-wye transformer is used between the neutrals of the two star rectifier groups, the
transformer apparent power factors improve significantly, to

S, =148P, 5 =1.05P, giving S=1.26P, (11.200)




a7 Power Electronics

-ipiNp
-isaNs
+is1Ns
>mmf
\Z Vs2 Ve Ve Vs Ve 2 \Z V2 Vsa Vs Vs Ve
A AN vV, ==V, VaVaValValal AN
Voo /
v f \ ) v / A /
\ / / /
/ \ / \ \ / \ / \
\ \ wt \ / wt
-
m 2 m 2m \
\ \ \ \ \ \ \ \
\ \ \ \ \ \ \ \
/ AN AN
\ N/ \ N ! \' N ) /
i 1 i l’ g 1 \ !
\ 1 \ I \ 1 \ I
Vo ! Vo1 ) \ 1 \ '
\ / , \ ] \ ,
\ v \ N v \
. vt ' 2y, VI \,
ist o
: D1 D1 wt I I wt
- o -
. o
fa2 D2 ° b2 wt I L L _wt
- - > D1 D3 D5 D1 D3 o
. I+ D6 D2 D4 D6 D2 D4 |
iss D3 D3 wt =0 7oL T T
> iyt I
A o
; I D1 D1 wt
sa D4 D4 | wt D4 D4
»
. I I
iss D5 wt i I,
— oz D3 D3 wt
ise I, D6 D6 o
D6 D6 wt
> -1,
i | I ) s wt foa L D5 wt
1o - — — >
> D2 D2
- - -1,
mmf IN/N, wt I,
. ol 3 - Ia wt
| — >
mmf I T wt
o -

(a) (b)

Figure 11.23. Three-phase transformer winding arrangement with hexa-phase rectification:
(a) star connected primary with dc mmf bias and (b) delta connected primary.
(the transformer secondary and diode currents are the same in each case)
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11.3.7 Three-phase transformer mmf imbalance cancellation - zig-zag winding

In figures 11.24a and 11.25a, for balanced input currents and equal turns number N in the six windings
N, (L, +I.)=N, (1 -1 )

an @

whence (11.201)
N, (1, -1,)=\BNI, 2-30°

an stan
If the same windings were connected in series in a Y configuration the mmf would be 2NI,,. Therefore
1.15 times more turns (2/\'3) are needed with the zig-zag arrangement in order to produce the same
mmf.

Similarly for the output voltage, when compared to the same windings used in series in a Y secondary
configuration:

Vyy =Vy Y,
=V, +V,, (11.202)
=\BVY,,/30°

That is, for a given line to neutral voltage, 1.15 times as many turns are needed as when Y connected.

Vee=Viin

Vor=Van  Vaa=Ven

(@) (b)

Figure 11.24. Three-phase transformer secondary zig-zag winding arrangement:
(a) secondary windings and (b) current and voltage phasors for the fork case.

i. star connected primary Y-z (WYE-zigzag)

In figure 11.25, each limb of the core has an extra secondary winding, of the same number of secondary
turns, N.
MMF analysis of each of the three limbs yields

limbl:-  mmf, =-i, N, + i N, —i;N,

I?mbz:- mmf, = —/:pZNp + /}ZNS - /:ﬂNS (11.203)
limb3:- mmf, =~ ,N, + i N, ~i,N,

fpg iy +7,,=0

Adding the three mmf equations gives mmf, =0 and the alternating primary (and line) currents are

. N, . . . N, . . i N, . i
/o1 =N75(Is1 7153) /2 =N75(/52 7151) o3 =N75(153 ’Isz) (11.204)
p , p

These equations are plotted in figure 11.25a.
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Figure 11.25. Three-phase transformer winding zig-zag arrangement with no dc mmf bias:

(a) star connected primary and (b) delta connected primary.
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If a 1:1:1 turns ratio is assumed, the power ratings of the transformer (which is independent of the turns
ratio) involves the vectorial addition of the winding voltages.

Vo =Vsiu =V

Ver =V —Veso (11.205)
Ves =Vt —Varo

The various transformer ratings are

S, =31V, +3LV, =61V, - 2? p S, =31y, - 27”-/1
33 3v3 (11.206)

< V1
S=%(S, +5,) =Pgﬁ(ﬁ+1)=1.46g

ii. delta connected primary A-z (DELTA-zigzag)

Carrying out an mmf balancing exercise, assuming no alternating mmf component, and the mean line
current is zero, yields

_ N

By =l =iy = N—ﬁ(/sl +i,—2i)

R . i N, . . i

iy = hpy =iy = /7‘(/52 +ig—20y) (11.207)

i N, . . .
=l =1y :Fs(/sz +ig _2/52)
P

The primary and secondary currents are the same whether for a delta or star connected primary,
therefore

S="(S,+5,)=1.46P, (11.208)
If a 1:1:1 turns ratio is assumed, the line, primary and load current are related according to
I = %1; +§1§ =21,
(11.209)

I = \/ZID 1, =431,

A zig-zag secondary can be a Y-type fork for a possible neutral connection or alternatively, a A-type
polygon when the neutral is not required.

Each diode conducts for 120° and

- I ~ N,
Li=fl, Lp="% V,=Y672V,
P

11.210
oms = 3 ( )

11.3.8 Three-phase transformer full-wave rectifiers — zero core mmf

Full-wave rectification is common in single and three phase applications, since, unlike half-wave
rectification, the core mmf bias tends to be zero. In three-phase, it is advisable that either the primary or
secondary be a delta connection. Any non-linearity in the core characteristics, namely hysteresis,
causes triplen fluxes. If a delta connection is used, triplen currents can circulate in the winding, thereby
suppressing the creation of triplen core fluxes. If a Y-y connection is used, a third winding set, delta
connected, is usually added to the transformer in high power applications. The extra winding can be
used for auxiliary type supply applications, and in the limit only one turn per phase need be employed if
the sole function of the tertiary delta winding is to suppress core flux triplens.

The primary current harmonic content is the same for a given output winding configuration, independent
of whether the primary is star or delta connected.
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i Star connected primary Y-y (Wye-wye)

The Y-y connection shown in figure 11.26a (with primary and secondary neutral nodes N, n
respectively) is the simplest to analyse since each phase primary current is equal to a corresponding
phase secondary current.
mmf, =N, —N,i,
mmf, =N, -N,i, (11.211)
mmf, =N, -N,i,
Adding the three mmf equations gives

3 3
3xmmf;=NpZ/'p,—Nizi5,. (11.212)
i=1 i=1
but
g+l +1,5=0 (11.213)
and the secondary currents always sum to zero, then mmf,=0.
Additionally
N, N, N
py=1,=—=I f,=1,=—=i fy=1,=—=] (11.214)
L1 pl /V;7 s1 L2 p2 Np 52 L3 p3 Np s3
Generally
ID:N’IS:&\E[D (11.215)
N, N,N3
whence
2z 2z
S5, =—=FP =121P, S5, =——P, =1.48P,
P 3\/5 3
N (11.216)
S—n|2Zp Y2 p | _135p
343 3
The secondary harmonic currents are given by
Isﬁ=llsl=lﬁlo forh=6n+t1 v n>0 (11.217)
h h

The full-wave, three-phase rectified average output voltage (assuming the appropriate turns ratio, 1:1, to
give the same output voltage for a given input line voltage) is
W3, 3

V=220, =2, (11.218)

o

The fundamental ripple in the output voltage, at six times the supply frequency, is 0.057V,.

Since with a star primary the line currents are the primary currents, the supply power factor is

pf=%=3—o.955 (11.219)

T

il Delta connected primary A-y (Delta-wye)

The secondary phase currents in figure 11.26b are the same as for the Y-y connection, but the line
currents are composed as follows

fy =i~y iy =l — 1y iy =1l =1 (11.220)
Such that
I = N, I = LA EIO
LN N, N3
» /vp M (11.221)
I,=\31="2231 =221,
Np Np
The secondary harmonic currents are given by
]snzllﬂzlﬁfa forh=6n+t1 Vv n>0 (11.222)
h h
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The full-wave, three-phase rectified average output voltage (assuming the appropriate turns ratio, \3:1,
to give the same output voltage for a given input line voltage) is

35, 3
V4

v =2y (11.223)
T

o

The transformer apparent power components are
S, =1.05F, 5,=1.05A, hence S5=1.05F, (11.224)

The fundamental ripple in the output voltage, at six times the supply frequency, is 0.057V,,.

The supply power factor is

3 _0.955 (11.225)

T

prf =

iii. Star connected primary Y-5 (Wye-delta)

In the Y-0 configuration in figure 11.27a, there are no zero sequence currents hence no mmf bias
arises, mmf, =0, and both transformer sides have positive and negative sequence currents.
N, . . N, . N,

. N, N,
fy=—=i fp=—2%10, fy=—%1y

N, 2N, PN, (11.226)

and /, +/,+/i5=0

where

(Fg=Fi5)=1pp — 15 (11.227)

Thus the transformer currents are related to the supply line currents by

. N 2. 2.
Iy =5l =§IL1 ’gln
P

N, 2. 2.

/”ZZE/‘ZZEI‘Z_gI‘3 (11.228)
N, . 2 2.

/p3 _Niplﬂ = 3/L3 3IL1

where
[y +1,+1i,=0 (11.229)
Generally

N, N

LY _N.22 VI, (11.230)
N, N, 3

The full-wave, three-phase rectified average output voltage (assuming the appropriate turns ratio, \3:1,
to give the same output voltage for a given input line voltage) is
333, 3

v,=22y =2y,
v

L
o

(11.231)

The fundamental ripple in the output voltage, at six times the supply frequency, is 2/5x7 =0.057 V,,.

The supply power factor is

3 _0.995 (11.232)

T

pf=

for an output power, P, =V, I,,
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iv. Delta connected primary A-6 (Delta-delta)
The phase primary and secondary voltages are in phase.

As shown in figure 11.27b the line currents are composed as follows

Iy =1y —

/p3 I =1y —

by ip=lg—i, (11.233)

The transformer primary and secondary currents are

/ :NSI / :ﬂf i :&/’ 11.234
Pl Np st p2 N,, s2 p3 Np s3 ( 3 )
and
fpg + 1l +1,,=0
fy+i,+1i5=0 (11.235)
fy+1,+1i;,=0
Generally
I, :%ls (11.236)

4
The full-wave, three-phase rectified average output voltage (assuming the appropriate turns ratio, 1:1, to
give the same output voltage for a given input line voltage) is
y 33 , 3
v

o

=2V, (11.237)

4

I/(,m:«/ivﬁfiﬂ (11.238)
2 4r

The fundamental ripple in the output voltage, at six times the supply frequency, is 0.057V,,.

The rms output voltage is

The primary and secondary apparent powers are

Sp=55=fPu=1.05Pa (11.239)
3
Thus the supply power factor is
pf = L 0.955 (11.240)
S =z

for an output power, P, =V, I,,

In summary, when the primary and secondary winding configurations are the same (A-d or Y-y) the input
and output line voltages are in phase, otherwise (A-y or Y-3) the input and output line voltages are
shifted by 30° relative to one another.

Independent of the transformer primary and secondary connection, for a specified input and output
voltage, the following electrical equations hold.
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Figure 11.26. Three-phase transformer wye connected secondary winding with full-wave rectification
and no resultant dc mmf bias: (a) star connected primary Y-y and (b) delta connected primary A-y.
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Figure 11.27. Three-phase transformer with delta connected secondary winding with full-wave
rectification and no resultant dc mmf bias: (a) star connected primary Y-  and (b) delta connected

primary A- .
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Voltage multipliers

Voltage multipliers are ac to dc power conversion circuits, comprised of diodes and capacitors that are
interconnected so as to produce a high potential dc voltage from a lower voltage ac source. As in figure
11.28a, multipliers are made up of cascaded stages each comprised of a diode and a capacitor.

Voltage multipliers are a simple way to generate high voltages at relatively low currents. By using only
capacitors and diodes, the voltage multipliers can step up relatively low voltages to extremely high
values, while at the same time being far lighter and cheaper than transformers. The advantage of the
circuit is that the voltage across each cascaded stage is only equal to twice the peak input voltage, so it
requires relatively low cost components and is easy to insulate. An output can also be tapped from any
stage, like a multi-tapped transformer.

The voltage multiplier has poor voltage regulation, that is, the voltage drops rapidly as a function the
output current, as in figure 11.28b. The output I-V characteristic is approximately hyperbolic, so it is
suitable for charging capacitor banks to high voltages at near constant charging power. Furthermore, the
ripple on the output, particularly at high loads, is high. The output voltage is not isolated from the input
voltage source, although transformer coupling provides general isolation.

The most commonly used multiplier circuit is the half-wave series multiplier. Other multiplier circuits can
be derived from its operating principles.
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I, output current A

Figure 11.28. Charging sequence of a half-wave series positive output voltage multiplier
and output characteristics dependence on output current and stage capacitance.

The following description for a two-stage series voltage multiplier assumes no losses and represents
sequential reversals of polarity of the source transformer T in the figure 11.28a. The number of stages
is equal to the number of smoothing capacitors between ground and V,,, which in this case is two,
capacitors C, and C,.
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e V,.=Negative Peak: C; charges through D1 to Vy by current Ip,

e V,.=Positive Peak: V, of Ts adds arithmetically to existing potential C,, thus C, charges
to 2 Vi thru D, by current I,

e V.= Negative Peak: C; is charged to 2V, through D3 by current Ip;

eV, = Positive Peak: C,is charged to 2V, by current I, through D, then V.

For N stages (series capacitors) the output voltage is NxV/.
11.4.1 Half-wave series multipliers

The capacitors are in series, so effectively capacitance is as for series connected capacitors, C/N, but
voltage rating is the cumulative sum of the series capacitors between the output terminals. This
multiplier is the most common, and is versatile, being used in high-voltage, low-current applications. The
basic charging sequence in figure 11.29 is as for the circuit shown in figure 11.28a, where the diodes
conduct in the order D4 to D,, for both output polarity versions.

Half-wave series voltage multiplier features include:
e a wide range of multiplication stages
e low cost
¢ uniform stress per stage on diodes and capacitors, 2V, and V.

Any one capacitor can be eliminated from the capacitor filter bank if the load is capacitive. Whether full
wave or half-wave, the series diodes prevent the output voltage from swinging negative. At high
discharges, part of the output current is also drawn via a diode, hampering rapid high current discharge.
Dual polarity output voltage is produced by connecting positive and negative multipliers as shown in the
four stage circuit is shown in figure 11.29c, where an unlimited stage number can be cascaded. Since
regulation is proportional to N°, a large number of stages eventually becomes ineffective. A centre
tapped capacitor string connection reduces the maximum voltage potential with respect to ground. An
odd number of stages can be produced as well as an even number of stages. The output voltage may
be tapped at any point on the capacitor series filter bank.

Once a load is connected at the output, the output voltage decreases due to the voltage regulation. Also,
any small fluctuation of load impedance causes a large fluctuation in the multiplier output voltage due to
the number of stages involved. For this reason, voltage multipliers are used only in special applications
where the load is constant and has a high impedance or where voltage stability is not critical.

Half-wave Output Voltage

The open-circuit output voltage V.. of each stage is nominally twice the peak input voltage V.

Assuming the ac input voltage and frequency are constant, for N cascaded stages, the output voltage is
Ve =2N <V, (11.241)

ofc
In practice, several cycles are required to reach full output voltage. The output voltage follows an RC
network exponential curve, where R is the output impedance of the ac source, whilst C is the effective
dynamic capacitance of the voltage multiplier, NxC. This charging occurs only upon switch-on of the
voltage multiplier from a discharged state, and does not repeat itself unless the output is short circuited.
The most common input ac waveforms are sine waves and square waves.

Output Voltage Regulation
DC output voltage drops as the dc output current increases, as shown in figure 11.28b. Regulation is the
drop in dc output voltage from the ideal at a specified dc output current (assuming the ac input voltage
and input frequency are constant). The voltage drop under load is mostly reactive and is calculated as:
3 2 _ 2 2
v, =1,x gf3NC N3l (11.242)
X 6f x %V

where:
I,, is the load or output dc current (A)
C is the stage capacitance (F)
f is the ac frequency (Hz)
N is the number of stages
C/N is the effective output capacitance (F).

Regulation voltage droop is not a power loss in a multiplier. Power losses are primarily diode forward
conduction and rarely result in excessive multiplier temperatures at the low current loadings.
Substituting V4 from equation (11.242):

v,

out

4N° L3NV - N
Ve Vi =2V — I 22T (11.243)
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Figure 11.29. Series half-wave voltage multipliers:
(a) two stage positive hv output voltage; (b) two stage negative hv output voltage; and
(c) four stage multiplier configured with £ output hv voltage.

Output Voltage Ripple
Ripple voltage is the magnitude of fluctuation in dc output voltage at a specific output current. This
assumes the ac input voltage and frequency are maintained constant. The ripple voltage in the case
where all stage capacitances, C through Cy, are equal, is:
N>+ N

Vime =L 55cC
The ripple grows rapidly as the number of stages increases, with N squared. A common modification to
the design is to make the stage capacitances larger at the input, with C; = C, = NxC, C3=C, = (N-1)xC,
and so forth. Then the ripple is:

(11.244)

I
l/r/pp/e = ﬁ
For a large number of stages, N2 5, the N® term in the voltage drop equation dominates. Differentiating
the V. equation without the negligible terms, with respect to the number of stages and equating to zero,
gives an equation for the optimum (integer) number of stages N, for the equal valued capacitor design:

Ny _ d [2/ka- L ><4/V3j:0

(11.245)

av ~ av 6F xC

o

v FxcY*
N, —m{[‘”]] } (11.246)

Increasing the frequency can dramatically reduce the ripple, and the voltage drop under load, which
accounts for the popularity of driving a multiplier stack with a switching power supply.
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If the driving voltage V,« and the required output voltage V.. are known, the optimum number of
cascaded stages is:

N,y = intrv—”“'} (11.247)

Pk

11.4.2 Half-wave parallel multipliers

Opposite polarity half-wave parallel voltage multipliers are shown in figure 11.29. The output capacitors
share a common connection but must have a high voltage rating. The output is usually low voltage but
with high currents. The basic charging sequence in figure 11.30 is the same as shown in figure 11.28,
where the diodes conduct in the order D4 to Dy, for both output polarity versions.

Parallel multipliers offer the following features:
e uniform stress on diodes

e compact
e voltage stress on capacitors increases with successive stages by V
e highly efficient
Ia Io
p—>-O -0
Vout Voue
+ hvdc -hvdc
+
b b
— —
+
ov ov

(@) (b)

Figure 11.30. Parallel half-wave voltage multipliers:
(a) two stage positive hv output voltage and (b) two stage negative hv output voltage.

11.4.3 Full-wave series multipliers

Increasing the frequency can dramatically reduce the ripple, and the voltage drop under load, which can
be achieved by driving a multiplier stack with a switched mode power supply.

Figure 11.31 shows a typical full-wave two-stage series voltage multiplier. It is comprised of two anti-
phase ac input half-wave multipliers sharing a common series output capacitor string. This effectively
doubles the number of charging cycles per second, and thus reduces the voltage drop and ripple factor.
The input is usually fed from a centre-tapped ac transformer or MOSFET H-bridge circuit.

The full-wave series voltage multiplier has the following general features:
e uniform stress on components
highly efficient
high voltage
high power capability
easy to produce
increased voltage stress on capacitors with successive stages
wide range of multiplication stages
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Figure 11.31. Two-stage series full-wave voltage multiplier.

Full-wave Output Voltage
As with the half-wave voltage multiplier, the full-wave voltage multiplier output voltage is given by:
Ve = 2NV, (11.248)
Output Voltage Regulation
DC output voltage decreases as dc output current increases. Regulation is the drop in dc output voltage
from the ideal at a specified dc output current, assuming constant ac input voltage and frequency. The
voltage drop under load is mostly reactive and is:
N+ 2N N+ 2
=1 a
6f xC 6F x A/

Ve =1,% (11.249)
where:

I,, is the load or output dc current (A)

C is the stage capacitance (F)

f is the ac frequency (Hz)

N is the number of stages

C/N is the effective output capacitance (F).

Regulation voltage droop is not a power loss in a multiplier. Power losses are primarily diode forward
conduction and rarely result in excessive multiplier temperatures at the low current loadings. Substituting
equation (11.249) for Vyeg:

N? +2N
Vo =Vose =Vieg :ZNXVM—IUXW (11.250)
Output Voltage Ripple
The ripple voltage, in the case where all stage capacitances are equal, is given by:
V=1 il (11.251)

e =0 * 5 C

If the driving voltage V,, and the required output voltage V.. are known, the optimum number of
cascaded stages is:

N, =int [70'52”/””’} (11.252)

Pk

Example 11.9:| Half-wave voltage multiplier

A three-stage half-wave series voltage multiplier, is driven by a 50kHz peak voltage of 10kV, with 1nF
capacitances, and a load current of 10mA.

i. Calculate the open circuit output voltage, regulated output voltage, ripple voltage, and
optimal number of stages for the required voltage transfer function.

i. What is the capacitance and voltage rating of each stage of a parallel connected multiplier?

iii. What is the output ripple if progressively smaller capacitance is used?
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Solution

i. In a three-stage voltage multiplier, the no load voltage V= 2xNxV,,=2x3x10kV = 60kV
3 2 3 2
V. -1, 4N® +3N° - N —10mA x 3 +3x3 -3 17KV
i 6f xC 6 x 50kHz x 1nF

Vout = 60kV - 1.7kV = 58.3kV
So the output voltage will swing between 60kV and 58.3kV, depending on the load current.
The output ripple voltage is
N>+ N 343
v .=1 =10mA =
e 2 x C 2 x 50kHz x InF
The optimal number of stages, from equation (11.252), is

", :int{o.szu M}. {0.521x58.3kv}:3

3kv

10kV

Pk

ii. An equivalent parallel multiplier would require each capacitor stage to equal the total series
capacitance of the series capacitor bank.
In this case, the three capacitors in the dc bank would equal 1000pF/3 or 330pF. The parallel
equivalent would require 330pF capacitors in each stage. However, each successive stage,
from the input, would require a higher voltage capacitor, 20kV, 40kV and 60kV, respectively.

iii. When C;=C,=NxC=3nF, C3=C,=(N-1)xC =2nF, Cs=Cg=(N-2)xC=1nF.
I 10mA
Ve =—-2-=———=200V
e FxC  50kHz x InF
This modification reduces the ripple voltage from 3kV to just 200V.
*

Example 11.10: Full-wave voltage multiplier

A three-stage full-wave parallel voltage multiplier, is driven by a 50kHz peak voltage of 10kV, with 1nF
capacitances, and a load current of 10mA. Calculate the output voltage and ripple voltage.

Solution
In a three-stage voltage multiplier, the no load voltage Vo= 2xNxV,, = 2x3x10kV = 60kV.

3 3
v, :IaN +2N:10mA 3’ +2x3 11KV
i 6f xC 6 x 50kHz x 1nF

Full-wave rectification reduces the regulation voltage drop from 1.7kV in example 11.9, to 1.1kV. The
output voltage is increased by 600V, from 58.3kV in example 11.9, to V,,;=60kV - 1.1kV = 58.9kV.
The ripple voltage reduces from 3kV for half-wave multiplication in example 11.9, to
N 3
V=1 =10mA =200V
e 0 f x C 2% 50kHz x 1nF
*

11.4.4 Three-phase voltage multipliers

The full-wave multiplier in figure 11.32 is a special case of a poly-phase (0° and 180°) multiplier where
more than one multiplier share a common series stack of load capacitors. In figure 11.32, the phase
angle between phases is 0°, 120°, and 240°, respectively. The peak voltage supplied by each secondary
winding is V.

The three-phase circuit in figure 11.32b can be modified by disconnecting the centre point of the Y
configuration from ground and omitting the first capacitor in each charging stack, as shown in figure
11.32c. As a result, the open-circuit dc voltage per stage is reduced from 2xV,, to \3x Vor. The output
impedance, however, decreases dramatically, so the output voltage under load may be even higher,
depending on the load current. Therefore, this variant is preferred if the multiplier has to supply higher
currents.

11.4.5 Series versus parallel voltage multipliers

The theory of operation is the same for both series and parallel connected voltage multipliers. Parallel
multipliers require less capacitance per cascaded stage than their series counterparts, however parallel
multipliers require higher capacitor voltage ratings on successive cascaded stages. The parallel
multiplier output is easier to RC filter in applications requiring low output ripple voltage.
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(a)

(b)

(c)

Figure 11.32. Three-phase Y configuration voltage multipliers:
(a) series diode output stage,; (b) grounded centre point; and (b) floating centre point.

@ Marx voltage generator

The Marx generator shown in figure 11.33, charges the energy storage capacitor of each stage in
parallel with a relatively low voltage (1kV to 6kV), and then discharges them by means of active switches
in series, into the load. The output voltage is then equal to the charging voltage multiplied by the number
of stages. The series inductance of this type of generators is low, as a result the rise time and fall time of
the output pulses can be less than 1us. The pulse repetition rate can be more than 20kHz for short
pulses, and the pulse length can be several ms.

Figure 11.33. The hv Marx generator.
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Definitions
v(at) = N2V, sin(not - ¢,) i(wt):gx/i]nsin(nwt—(pn)

n=0

2 2 2 2 2 distortion current 2 _ 72 2 2
total current  I7 =17+ I; + I} +..I; harmonic current. das =4 15 + .0

o onic fact g}
)armonic ractor _ _ “dis
distortion factor DF =k =

Ly
1
displacement power factor DPF =cos¢, = 4,
active input power
VI,

total harmonic distortion 7HD =

circuit power factor pf =1 =

COS ¢,

B \/1 +THD?

crest factor ¢f =

N‘\>

s
rms value

form factor =———
average value

The average (or mean or dc) rms (or effective) values, respectively, of a waveform, are defined by

17
I/U:?_([vo(t)dt

|7V

I/ average output voltage 70 average output current

lﬁo rms output voltage rms output current
peak output current

and

ms
V' peak output voltage
Load voltage form factor = FF, = foﬂ% Load voltage crest factor = CF, = V

Load current form factor = FF, = [”"/1; Load current crest factor = CF, = 7

o

K
7

effective valuesof aclV/ (or 7) V,,

Waveform smoothness = Ripple factor = RF, =

averagevalueof V (or I)  V,
2 2
VrmsV: Va _ FFVZ -1

V2 °
where V, = [z&(v‘fn +v2 )}
n=1
similarly the currentripple factoris RF, = i =FF’ -1
RF, = RF, for aresistive load

dc load power
ac load power + rectifier losses
Vi,

I/ I__+Loss

rms= rms rectifier

Rectification efficiency = n =
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Waveform fundamental and harmonic rms components are define by
Vo= (2 +12)
where
=£'T[v(t)c0527r7 at 4 =£Jtv(t)sin27z7 at
Ty T YTy T

and for the kK™ harmonic component
V, =2V +Vs)

where
27 27
l/ka:?:[v(t)cosandet I/kb:?J;v(t)stzzkadt
Distortion factor is defined as
or - Y
Vims

The total harmonic distortion is

THD, =

Output pulse number

Output pulse number p is the number of pulses in the output voltage that occur during one ac input
cycle, of frequency f;. The pulse number p therefore specifies the output harmonics, which occur at p x
fs, and multiples of that frequency, mxpxf,, form=1, 2, 3, ...

_ period of input supply voltage
period of minimum order harmonic in the output V' or 7 waveform

The pulse number p is specified in terms of

q the number of elements in the commutation group
r the number of parallel connected commutation groups
s the number of series connected (phase displaced) commutating groups

Parallel connected commutation groups, r, are usually associated with (and identified by) intergroup
reactors (to reduce circulating current), with transformers where at least one secondary is effectively star
connected while another is delta connected. The rectified output voltages associated with each
transformer secondary, are connected in parallel.

Series connected commutation groups, s, are usually associated with (and identified by) transformers
where at least one secondary is effectively star while another is delta connected, with the rectified output

associated with each transformer secondary, connected in series. 9=3 r=2 s=2
p=qgxrxs |
p=12
The mean rectifier output voltage V, can be specified by
nzsiﬁ%xsing (11.253)
Va

For a full-wave, single-phase rectifier, r=1, =2, and s=1, whence p=2

232V
V-1 2 3y, xsinZ - 22V
V4 2 V4

For a full-wave, three-phase rectifier, r=1, g=3, and s =2, whence p=6
32V,
=2><§\/zl/¢ ><Sin£=L

T 3 T
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AC-dc converter generalised equations

Alternating sinusoidal voltages
V, =\2Vsinwt
V, =\2Vsin(ot - 2)

V, =\2Vsin(ot -(q-1)%)
where q is the number of phases (number of voltage sources)

On the secondary or converter side of any transformer, if the load current is assumed constant 7 then
the power factor is determined by the load voltage harmonics.

Voltage form factor

whence the voltage ripple factor is

1 % A
R A A Y

o

The power factor on the secondary side of any transformer is related to the voltage ripple factor by
£ _ Wl 1
pf=-—<= =
S gVl JRF*+1
On the primary side of a transformer the power factor is related to the secondary power factor, but since
the supply is assumed sinusoidal, the power factor is related to the primary current harmonics.
Relationship between current ripple factor and power factor

1 [e 1
RF = — P-—Jrr _r
T ;h 7 VIm
pfe i1

I.. RF?+1

The supply power factor is related to the primary power factor and is dependent of the supply
connection, star or delta, etc.

Half-wave diode rectifiers [see figures 11.2, 11.11]
Pulse number p=q. Pulse number is the number of sine crests in the output voltage during one input
voltage cycle. There are g phases and g diodes and each diode conducts for 211/q, with q crest (pulses)
in the output voltage
Mean voltage

v, = L[ 2V sinat dot

2,
N Y
z q

RMS voltage

2
V= {% I‘ZTZ (\/EV sin a)t)z da)t'}

2
g . 2x
=2V |2+ -T-sin—
J_{z 4z q}
Normalised peak to peak ripple voltage

v”:\/il/—ﬁl/cos%

V2V -2VcosZ 1-cosZ
v o=lee q9_7 q

p-p V q LT E LT
o L2V sin= sin=
w2Vsng G
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Voltage form factor
V2
|:1/2 + 9 sin 2—”}
4z

FFV:IT;“ = 9
o gsinz
T q

whence the voltage ripple factor is

1 v
RF, :7[1/2 -] =[FR-1]

ms o
o

Diode reverse voltage
170,? =22V if giseven

Vo = ZﬁVcos% if g is odd

For a constant load current I,,, diode currents are

7 T 117 [D
I, =1, [o=; IDrms=Tq
For a constant load current I, the output power is
Fy =Vo1,
The apparent power is
S=qVi,,
The power factor on the secondary side of any transformer is
F _ Vd, 1

S g, JRFP+t

q .
7;‘5'/5'”3*10 ) \/Zsinﬁ

ql/x[g\/I 9
q

The primary side power factor is supply connection and transformer construction dependant.

For two-phase half-wave p=g=2

Vi, 22
pf;a:,vz = V]g = 7 =0.90
For three-phase half wave p=g=3
VI 33
Fosn =35 =5 =0.827
Plasn VI, 2z
For six-phase half-wave p=q=6
3

Plesy == 0.995 (Y conection)

_ Yl
T3V
The short circuit ratio (ratio actual s/c current to theoretical s/c current) is

a2v
_ o, __ g
2W2v/ o7 2sinZ
Vs o0

1-cosp=—2klo

V2VsinZ
q

s/c

Commutation overlap angle

The commutation voltage drop

com

Vi = %%ID where 2/, =1L,

496




497 Power Electronics
p=q= I sec rms RF, 170 '75 % Vp—p Ks/c pfsec pfpn’m
I N2 0.90V 2\2v 0.157 1 0.636 0.90
3 N3 0.68 117V Y 0.604 1.73 0.675 0.827
6 I, N6 0.31 1.35V 22V 0.140 6 0.55 0.995

For three-phase resistive load, with transformer turns ratio 1:N

2V 343 v v
TR 2e L3 8]
FF/ourput :[%JFGL]
IMZ¥X%[%+%7%JW [M=¥X%[§+%Tz
1, :%x%[%Jrg]vz

Time domain half-wave single phase R-L-E load

ot-a

i, ()= —5 N2V [sin(a)t —¢)+ {%fi ~sin(ot - ¢)} o s

v, (ot)= {szz(Z ) cos(kqwt)}

Full-wave diode bridge rectifiers - star [see figures 11.8, 11.13]

q phases and 2q diodes
Mean voltage

v, =L 2V sinet dot
T mr—%
_29 R vsinZ
7 q

Pulse number
pP=q if g is even
p=2q ifqisodd
Diode reverse voltage
o = Zﬁl/ if g is even

Vo = ZﬁVcosi if g is odd

For a constant load current I,, diode currents are

~ = I I
I, =1, ID:EG [Drm;:T;

The current and power factor are

2g LT
7«/§l/smaxlo 207

pf—i— Volo _ =N 6inZ
s g, quIF oz q
Ng

which is V2 larger than the half-wave case.

For single-phase, full-wave p=q=2

_Vd, ——Zﬁ:O.QO
Vi, V4

For three-phase full-wave p=2 q—B

7\/2 V xal
VI, 0
prfy, = = == -0.955

3W 3V><glo

or,

|
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p,q Tsec RF, 170 175, % Vpp [ PFy prim Pfsec
p=q=2 I, 0.483 1.80V 2\2v 0.157 2/ 0.90 0.90
p=2q=6 \% I, 0.31 2.34V 6V 0.140 6/1r 0.995 0.995

The short circuit ratio (ratio actual s/c current to theoretical s/c current) is
K-—9
T
27z sin—
q
which is smaller by a factor 1 than the half-wave case.
K. =9 for g=2
T

Relationship between current ripple factor and supply side power factor on the primary

RE =13 =BT
]1 h=3 ]1
1

pf _ 11 —
L. J1+RF
For single phase p=2
R =T - I
11
P g
= 2z 8 =0.483
[
J 27 ¢
f = ! = ! = 2—\/2 =0.90
JL+RF? \/ -8 7
1+=——
8
The rms of the fundamental component is
=11,
NEX:
The rms of the harmonic components are
— [1 — ]1
I, == ol for k>1,2,3...
For p-pulse
RF, =
pf = ——=x== sinZ
JI+RF? = P
Commutation overlap angle
ol 1,
l-cospy=—"-°2—
V2vsinZ
q

The commutation voltage drop
Ve =9 o1 1 Where 2L, =1,
7 Oeto

For p=g=2, only
20l 1,
l-cospuy=—=<
Jav
v, =4
—ol I,
s




499 Power Electronics
Load characteristics

L

Current Form Factor = AF, = ™= = g

I q [2
L, 1, g

Same expression as for delta connected secondary, except supply voltages V are replaced by
4

Full-wave diode bridge rectifiers — delta

2sinZ
q
For example in three-phase, V is replaced by VN3, that is, «/3I/L ” «f3l/me

The mean output voltage is
2qxfl/sm” Zq\f v sinzzzﬁl/
T

7 2sinZ
q
Pulse number
p=q if g is even
p=2q ifqisodd
diode reverse voltage and currents
VDR = ﬂ if g is even
sin”
q
Vo, = Jav if ¢ is odd
2sin -
2q

In=I1, Io=I/q I, =1I/Jg
rms current and power factor

q
v o2V, X

I
seven = Plooen === =2 =
2 7 qvi,.. qVi, z
r,[¢-1] VI, 22 g
]rmsodd =5 pfz-]odd = = m
2 g Mns 7 [g*-1]
Commutation angle and voltage
1-cosu= oLl, v q g even
\/-2 Vv com Z(UL I,
ol 1 1
1-cosu= ”[1—7] Ve =9 [1—7] q odd
N TAN 2.0k
The short circuit ratio (ratio actual s/c current to theoretical s/c current) is
qg . 7w g-1_. rx
siceven = ;S'na Keota = 75'"*
For single-phase resistive load, with transformer turns ratio 1:N
[ o2va J4
R =« R
[ p—_— RF, = JFF? -
i output 2\[2 v
P S AV U NP
! 1 R RFP+1 7
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11.1.  Derive equations (11.35) and (11.36) for the circuit in figure 11.6.

11.2.  Assuming a constant load current, derive an expression for the mean and rms device current
and the device form factor, for the circuits in figure 11.8.

11.3.  The single-phase full-wave uncontrolled rectifier is operated from the 415 V line-to-line voltage,
50 Hz supply, with a series load of 10 Q + 5 mH + 40 V battery. Derive the load voltage
expression in terms of a Fourier series. Determine the rms value of the fundamental of the load
current.

11.4. A single-phase uncontrolled rectifier has a 24Q resistive load a 240V ac 50Hz supply. Determine
the average, peak and rms current and peak reverse voltage across each rectifier diode for
i an isolating transformer with a 1:1 turns ratio
ii. centre-tapped transformer with turns ratio 1:1:1.

11.5. A single-phase bridge rectifier has an R-L of R = 20Q and L = 50mH and a 240V ac 50Hz
source voltage. Determine:
i.  the average and rms currents of the diodes and load
ii. rms and average 50Hz source currents
ii.  the power absorbed by the load
iv. the supply power factor

11.6. A single-phase, full-wave uncontrolled rectifier has a back emf E, in its load. If the supply is
240Vac 50Hz and the series load is R = 20Q, L = 50mH, and E, = 120V dc, determine:
i. the power absorbed by the dc source in the load
ii. the power absorbed by the load resistor
il the power delivered from the ac source
iv. the ac source power factor
V. the peak-to-peak load current variation if only the first ac term of the Fourier
series for the load current is considered.

11.7. A three-phase uncontrolled rectifier is supplied from a 50Hz 415V ac line-to-line voltage source.
If the rectifier load is a 75 Q resistor, determine
i the average load current
ii. the rms load current
iii. the rms source current
iv. the supply power factor.

11.8. A three-phase uncontrolled rectifier is supplied from a 50Hz 415V ac line-to-line voltage source.
If the rectifier load is a series R-L circuit where R = 10Q and L = 100mH, determine:
i the average and rms load currents
ii. the average and rms diode currents
iii. the rms source and power current
iv. the supply power factor.
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Table 11.5. Characteristics of single-phase rectifier circuits with a resistive load

Chapter 11

Table 11.7. Characteristics of rectifiers with an L-C output filter

Naturally Commutating AC to DC Converters- Uncontrolled Rectifiers

Reclifier Three-Phase
Circuit Single-Phase Single-Phase | Three Phase | Three-Phase Double Wye
Connection Full-Wave Full-Wave Hall-Wave Full-Wave With
Center-Tap Bridge Star Bridge Interphase
Characteristic Transformer
}Average Gurrent Through Diode
IFaw/ILiDg) 0.500 0.500 0333 0.333 0167
}Peak Current Through Diode |pw/IF(ay) 200 200 300 3.00 3.00
Form Factor of Current Through Diode
IFEMSYFAY) 1.41 141 173 173 176
RMS Input Voltage Per Transformer Leg
VilViioe) 111" 111 0.855 0.428 0.885
Diode Peak Inverse Voltage
(PIV) VRam Viiog) 314 157 209 1.05 242
Transformer Primary
Rating Va/Ppc 1.11 11 121 1.05 1.05
Transformer Secondary
Rating Va/Ppc 157 1 1.48 1.05 1.48
Ripple (VE/V pc) Lowest frequency in
rectifier output (f¢'f;) 2 2 3 6 6
Peak Value of Ripple
Components:
Ripple frequency (fundamental) 0.667 0.667 0.250 0.057 0.0571
Second harmonic 0.133 0.133 0.057 0.014 0014
Third harmonic 0.057 0.057 0025 0.006 0.006
Ripple peaks with reference to dc axis: 0363 0.363 0209 0.0472 00472
Positive peak 0.837 0.637 0.395 0.0930 0.0930
Negative peak

Full-Wave Ful-Wave
_ 72 Half-Wave Center-Tap Bridge
P=IR
V,=IR
r
n= 7
o ms
Load Voltage and Gurrent Waveshape
Gharacteristic
Diode Average Gurrent
Iran/!Los) 1.00 050 050
Diode Peak Gurrent
IemIF(AYy 3.14 314 314
Form Factor of Diode
IF(RMSY1iDC) 1.57 1.57 Lo
Diode RMS Current
IFEMsYILDC) 1.57 0.785 0.785
RMS Input Voltage Per Transformer Leg
Vi) 222 11 111
Peak Inverse Voltage
VerwVLiDG) 314 314 1.57
Transformer Primary Rating
VA/Ppc 349 1.23 123
Transformer Secondary Rating
VA/Ppc 349 1.75 123
Total RMS Ripple, % 121 482 482
Lowest Ripple Frequency, fi/f; 1 2 2
Rectification Ratio (Conversion Efficiency), % 406 812 812

Table 11.6. Characteristics of three-phase rectifier circuits with a resistive load

Double Wye Wye-Delta Connections
Half-wave with Interphase | Full -
Star Bridge Transformer star Parallel Series
Average Current through Diode
IFaniLpe) 0.333 0.333 0167 0.167 0.167 0.333
Peak Gurrent through Diode
IewIF(av) 363 3.14 3.15 6.30 6.30 6.30
Form Factor of Gurrent through Diode
IrRMsH Do) 176 174 1.76 2.46 2.46 2.46
RMS Current through Diode
IFRMsyILDC) 0.587 0.579 0.293 0.409 0.408 0.818
RMS Input Voltage Per Transformer Leg
ViVLio) 0.855 0.428 0.855 0741 0.715 0.37
Diode Peak Inverse Voltage
VRRWVLDC) 209 105 2.42 209 1.05 105
Transformer Primary Rating
VA/Ppc 1.23 105 1.06 1.28 1.01 1.01
Transformer Secondary Rating
VA/Ppc 150 105 1.49 181 1.05 105
Total RMS Ripple, % 18.2 42 42 42 0 10
Lowest Ripple Frequency, fi/f; 3 6 6 6 12 12
Rectification Ratio (Conversion
Efficiency), % 96.8 2998 9938 9938 100 100

Three-phase double wye with a centre tapped inter-phase transformer.

IF
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