
L9: AC power + 3φ modulation



Single phase power (with sine functions)

൝
 𝑢 𝑡 = 𝑢ො௣௛ ⋅ 𝑐𝑜𝑠 𝜔𝑡

 𝑖 𝑡 = 𝚤௣̂௛ ⋅ 𝑐𝑜𝑠 𝜔𝑡 − 𝜑

𝑝 𝑡 = 𝑢ො௣௛ ȉ  𝚤̂௣௛ ⋅ cos 𝜔𝑡 ȉ cos 𝜔𝑡 − 𝜑 =

= cos 𝑥 ȉ cos 𝑥 − 𝑦 =
ୡ୭ୱ ௬ ାୡ୭ୱ (ଶȉ௫ା௬)

ଶ
=

=
𝑢ො௣௛ ȉ  𝚤̂௣௛

2
⋅ cos 𝜑 + cos 2𝜔𝑡 − 𝜑 =

=
2 ȉ 𝑈௣௛ ⋅ 2 ȉ 𝐼௣௛

2
ȉ cos 𝜑 =

= 𝑈௣௛ȉ 𝐼௣௛ ȉ cos 𝜑 + 𝑈௣௛ ȉ 𝐼௣௛ ȉ cos 2𝜔𝑡 − 𝜑

𝑅 𝐿 + 𝑒 −

+                 𝑢௣௛                   −

𝑖௣௛



Single phase power (with vectors)

 𝑢 𝑡 = 𝑢ො௣௛ ⋅ cos 𝜔𝑡 = 𝑢ො௣௛ ⋅
𝑒௝ఠ௧ + 𝑒ି௝ఠ௧

2

 𝑖 𝑡 = 𝚤௣̂௛ ⋅ cos 𝜔𝑡 − 𝜑 = 𝚤௣̂௛ ⋅
𝑒௝ఠ௧ି௝ + 𝑒ି௝ఠ௧ା௝ఝ

2

𝑝 𝑡 = 𝑢 𝑡 ⋅ 𝑖 𝑡 = 𝑢ො௣௛ ⋅ 𝚤௣̂௛ ⋅
𝑒௝ఠ௧ + 𝑒ି௝ఠ௧

2
⋅

𝑒௝ఠ௧ି௝ఝ + 𝑒ି௝ఠ௧ା௝ఝ

2

=
௎೛೓⋅ூ೛೓

ଶ
⋅ 𝑒௝ఠ௧ା௝ఠ௧ି௝ఝ + 𝑒௝ఠ௧ି௝ఠ௧ା௝ఝ + 𝑒ି௝ఠ௧ା௝ఠ௧ି௝ఝ + 𝑒ି௝ఠ௧ି௝ఠ௧ା௝ఝ =

=
௎೛೓⋅ூ೛೓

ଶ
⋅ 𝑒ଶ௝ఠ௧ି௝ఝ + 𝑒ି ଶ௝ఠ௧ି௝ + 𝑒௝ఝ + 𝑒ି௝ఝ =

= 𝑈௣௛ ⋅ 𝐼௣௛ ⋅ cos 𝜑 + 𝑈௣௛ ⋅ 𝐼௣௛ ⋅ cos 2𝜔𝑡 − 𝜑

𝑅 𝐿 + 𝑒 −

+                 𝑢௣௛                   −

𝑖௣௛



Single phase active and reactive power

൝
 𝑢 𝑡 = 𝑢ො௣௛ ⋅ cos 𝜔𝑡

 𝑖 𝑡 = �̂�௣௛ ⋅ cos 𝜔𝑡 − 𝜑

𝑃௔௩௘ = 𝑈௠ ⋅ 𝐼௠ ⋅ cos 𝜑

𝑄௔௩ = 𝑈௠ ⋅ 𝐼௠ ⋅ sin 𝜑

𝑆௔௩௘ = 𝑈௠ ⋅ 𝐼௠

• Voltage and current

• Active power

• Reactive power

• Apparent power

𝑅 𝐿 + 𝑒 −

+                 𝑢௣௛                   −

𝑖௣௛



Three phase voltage and current

 𝑢௔ 𝑡 = 𝑢ො௣௛ ⋅ cos 𝜔𝑡 = 2 ȉ 𝑈௣௛ ⋅ cos 𝜔𝑡

 𝑢௕ 𝑡 = 𝑢ො௣௛ ⋅ cos 𝜔𝑡 −
2𝜋

3
= 2 ȉ 𝑈௣௛ ⋅ cos 𝜔𝑡 −

2𝜋

3

 𝑢௖ 𝑡 = 𝑢ො௣௛ ⋅ cos 𝜔𝑡 −
4𝜋

3
= 2 ȉ 𝑈௣௛ ⋅ cos 𝜔𝑡 −

4𝜋

3

 𝑖௔ 𝑡 = 𝚤̂௣௛ ⋅ cos 𝜔𝑡 − 𝜑 = 2 ȉ 𝐼௣௛ ⋅ cos 𝜔𝑡 − 𝜑

 𝑖௕ 𝑡 = 𝚤̂௣௛ ⋅ cos 𝜔𝑡 −
2𝜋

3
− 𝜑 = 2 ȉ 𝐼௣௛ ⋅ cos 𝜔𝑡 −

2𝜋

3
− 𝜑

 𝑖௖ 𝑡 = 𝚤̂௣௛ ⋅ cos 𝜔𝑡 −
4𝜋

3
− 𝜑 = 2 ȉ 𝐼௣௛ ⋅ cos 𝜔𝑡 −

4𝜋

3
− 𝜑

𝑒௔  = �̂� ⋅ cos 𝜔 ⋅ 𝑡 = 2 ȉ 𝐸௣௛ ⋅ cos 𝜔 ⋅ 𝑡

𝑒௕  = �̂� ⋅ cos 𝜔 ⋅ 𝑡 −
2𝜋

3
= 2 ȉ 𝐸௣௛ ⋅ cos 𝜔 ⋅ 𝑡 −

2𝜋

3

𝑒௖  = �̂� ⋅ cos 𝜔 ⋅ 𝑡 −
4𝜋

3
= 2 ȉ 𝐸௣௛ ⋅ cos 𝜔 ⋅ 𝑡 −

4𝜋

3

 

𝑅 𝐿 + 𝑒௔  −

+                 𝑢௔                   −

𝑖௔

𝑅 𝐿 +𝑒௕ −

+                 𝑢௕                   −

𝑖௕

𝑅 𝐿 +𝑒௖ −

+                 𝑢௖                   −

𝑖௖

�̂�



Three phase power

𝑝 𝑡 = 𝑢ො௣௛ ȉ  𝚤̂௣௛ ⋅ cos 𝜔𝑡 ȉ cos 𝜔𝑡 − 𝜑 + cos 𝜔𝑡 −
2𝜋

3
ȉ cos 𝜔𝑡 −

2𝜋

3
− 𝜑 + cos 𝜔𝑡 −

4𝜋

3
ȉ cos 𝜔𝑡 −

4𝜋

3
− 𝜑 =

 = cos 𝑥 ȉ cos 𝑥 − 𝑦 =
cos 𝑦 + cos (2 ȉ 𝑥 + 𝑦)

2
=

=
𝑢ො௣௛ ȉ  𝚤௣̂௛

2
⋅ cos 𝜑 + cos 2𝜔𝑡 − 𝜑 + cos 𝜑 + cos 2𝜔𝑡 −

4𝜋

3
− 𝜑 + cos 𝜑 + cos 2𝜔𝑡 −

8𝜋

3
− 𝜑 =

=
𝑢ො௣௛ ȉ  𝚤௣̂௛

2
⋅ 3 ȉ cos 𝜑 + cos 2𝜔𝑡 − 𝜑 + cos 2𝜔𝑡 −

2𝜋

3
− 𝜑 + cos 2𝜔𝑡 −

4𝜋

3
− 𝜑

ୀ଴

=

= 3 ȉ
2 ȉ 𝑈௣௛ ⋅ 2 ȉ 𝐼௣௛

2
ȉ cos 𝜑 =

= 3 ȉ 𝑈௣௛ ȉ 𝐼௣௛ ȉ cos 𝜑 = 3 ȉ 𝑈௣௛_௣௛ ȉ 𝐼௣௛ ȉ cos 𝜑
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The generic 3-phase load

2

3
ȉ 𝑒௝ ଴  ȉ 𝑢௔ = 𝑅 ȉ 𝑖௔ + 𝐿 ȉ

𝑑𝑖௔

𝑑𝑡
+ 𝑒௔

2

3
ȉ 𝑒௝

ଶగ
ଷ ȉ 𝑢௕ = 𝑅 ȉ 𝑖௕ + 𝐿 ȉ

𝑑𝑖௕

𝑑𝑡
+ 𝑒௕

2

3
ȉ 𝑒௝

ସగ
ଷ ȉ 𝑢௖ = 𝑅 ȉ 𝑖௖ + 𝐿 ȉ

𝑑𝑖௖

𝑑𝑡
+ 𝑒௖

𝑢 = 𝑅 ȉ 𝚤 + 𝐿 ȉ
ௗప⃗

ௗ௧
+ 𝑒

𝑝 𝑡 =  𝑢௔ ȉ 𝑖௔ + 𝑢௕ ȉ 𝑖௕ + 𝑢௖ ȉ 𝑖௖ = 𝑢ఈ ȉ 𝑖ఈ + 𝑢ఉ ȉ 𝑖ఉ

a

b

𝑒௝
ଶగ
ଷ

𝑒௝଴ = 1
𝑒௝

ସగ
ଷ 𝑖௔, 𝑖ఈ

𝑖ఉ
𝑖௕

𝑖௖

𝑅 𝐿 + 𝑒௔  −

+                 𝑢௔                   −

𝑖௔

𝑅 𝐿 +𝑒௕ −

+                 𝑢௕                   −

𝑖௕

𝑅 𝐿 +𝑒௖ −

+                 𝑢௖                   −

𝑖௖



Example, grid voltage vector

𝑒 =
2

3
⋅ 𝑒௔ + 𝑒௕ ⋅ 𝑒௝

ଶగ
ଷ + 𝑒௖ ⋅ 𝑒௝

ସగ
ଷ =

=
2

3
⋅ �̂� ⋅ cos 𝜔 ⋅ 𝑡 + cos 𝜔 ⋅ 𝑡 −

2𝜋

3
⋅ −

1

2
+ 𝑗

3

2
+ cos 𝜔 ⋅ 𝑡 −

4𝜋

3
⋅ −

1

2
− 𝑗

3

2
=

=
2

3
⋅ �̂� ⋅

 cos 𝜔 ⋅ 𝑡 + cos 𝜔 ⋅ 𝑡 ⋅ cos
2𝜋

3
+ sin 𝜔 ⋅ 𝑡 ⋅ sin

2𝜋

3
⋅ −

1

2
+ 𝑗

3

2

 + cos 𝜔 ⋅ 𝑡 ⋅ cos
4𝜋

3
+ sin 𝜔 ⋅ 𝑡 ⋅ sin

4𝜋

3
⋅ −

1

2
− 𝑗

3

2

=

=
2

3
⋅ �̂� ⋅ cos 𝜔 ⋅ 𝑡 ⋅ 1 +

1

4
+

1

4
+ 𝑗 ⋅ sin( 𝜔 ⋅ 𝑡) ⋅

3

4
+

3

4
=

=
3

2
⋅ �̂� ⋅ cos 𝜔 ⋅ 𝑡 + 𝑗 ⋅ sin( 𝜔 ⋅ 𝑡) = 𝐸 ⋅ 𝑒௝ఠ௧



Transformation example: abc→αβ

 �⃗�ఈఉ = 𝑥ఈ + 𝑗 ⋅ 𝑥௕ =
2

3
⋅ 𝑥௔ ⋅ 𝑒௝଴ + 𝑥௕ ⋅ 𝑒௝

ଶగ
ଷ + 𝑥௖ ⋅ 𝑒௝

ସగ
ଷ =

 =
2

3
⋅ 𝑥௔ + 𝑥௕ ⋅ −

1

2
+ 𝑗 ⋅

3

2
+ 𝑥௖ ⋅ −

1

2
− 𝑗 ⋅

3

2

 𝑥ఈ =
2

3
⋅ 𝑥௔ −

𝑥௕

2
−

𝑥௖

2
=

2

3
⋅ 𝑥௔ −

2

2 ⋅ 3
⋅ 𝑥௕ −

2

2 ⋅ 3
𝑥௖ =

 =
2

3
⋅ 𝑥௔ −

1

6
⋅ 𝑥௕ + 𝑥௖

 𝑥ఉ =
2

3
⋅

3

2
⋅ 𝑥௕ −

3

2
⋅ 𝑥௖ =

2

3
⋅

3

2
⋅ 𝑥௕ −

2

3
⋅

3

2
⋅ 𝑥௖ =

 =
1

2
⋅ 𝑥௕ − 𝑥௖

a

b

c

α

β

abcx


xa

xb

xc



Transformation example: αβ→abc

 𝑥௔ =
2

3
⋅ 𝑥ఈ

 𝑥௕ =
2

3
⋅ −

𝑥ఈ

2
+ 𝑥ఉ ⋅

3

2
= −

𝑥ఈ

6
+ 𝑥ఉ ⋅

1

2

 𝑥௖ =
2

3
⋅ −

𝑥ఈ

2
− 𝑥ఉ ⋅

3

2
= −

𝑥ఈ

6
− 𝑥ఉ ⋅

1

2

a

b

c

α

β
abx



xα

xβ



3-phase converter

𝑣௢ =
𝑣௔ + 𝑣௕ + 𝑣௖

3

 idc 

sa 0 va 

+Udc/2 

-Udc/2 

sb vb sc vc 

+            uab           - +            ubc             - 
-                             uca                                      + 

+ 
 
ua 
 
- 

+ 
 
ub 
 
- 

+ 
 
uc 
 
- vo 



3-phase output voltage  as vector : I
va vb vc vo ua ub uc ua ub

-1 -1 -1

-1 -1 1

-1 1 -1

-1 1 1

1 -1 -1

1 -1 1

1 1 -1

1 1 1

 idc 

sa 0 va 

+Udc/2 

-Udc/2 

sb vb sc vc 

+            uab           - +            ubc             - 
-                             uca                                      + 

+ 
 
ua 
 
- 

+ 
 
ub 
 
- 

+ 
 
uc 
 
- vo 

 

)100(u


)110(u


)010(u


)011(u


)001(u


)101(u


)000(u


)111(u


𝑢ఈఉ =
3

2
ȉ 𝑢௔ +𝑗

1

2
ȉ 𝑢௕ − 𝑢௖ = 𝑢ఈ +𝑗 ȉ 𝑢ఉ

𝑣௢ =
𝑣௔ + 𝑣௕ + 𝑣௖

3



3-phase converters – 8 switch states
)0,0,1( )0,1,1( )0,1,0(

)1,1,0( )1,0,0( )1,0,1()1,1,1(

)0,0,0(

)0,0,1(u

)0,1,0(u

)1,0,0(u

)0,1,1(u

)1,1,0(u

)1,0,1(u

)1,1,1(u

)0,0,0(u

)1,1,1(0)0,0,0(

)0,1,1(
3

2
)1,0,0(

)1,0,1(
3

2
)0,1,0(

)1,1,0(
3

2
)0,0,1(

3

4

3

2

uu

ueUu

ueUu

uUu

j

dc

j

dc

dc



























Rotating reference frame

• Use the integral of  the grid back emf vector:

𝜓 = න 𝑒 ⋅ 𝑑𝑡

௧

଴

= න 𝐸 ⋅ 𝑒௝ఠ⋅௧𝑑𝑡

௧

଴

=
𝑒

𝑗 ⋅ 𝜔

=

=
𝐸

𝜔
𝑒

௝ ఠ⋅௧ି
గ
ଶ

i
e

yt

a

b

d

q

𝜃 = 𝜔 ȉ 𝑡 −
𝜋

2



Introduce the grid flux reference frame (d,q) …
• Express the stator equation in the rotor reference frame

• Split up the complex equation in real- and imaginary parts:

𝑢ఈఉ = 𝑅 ⋅ 𝚤ఈఉ + 𝐿 ȉ
𝑑𝚤ఈఉ

𝑑𝑡
+ 𝑒ఈఉ

𝑠
ఈఉ

= 𝑠
ௗ௤

ȉ 𝑒௝ఏ

𝑢௦
ௗ௤

ȉ 𝑒௝ఏ = 𝑅 ⋅ 𝚤ௗ௤ ȉ 𝑒௝ఏ + 𝐿 ȉ
𝑑

𝑑𝑡
𝚤ௗ௤ ȉ 𝑒௝ఏ + 𝑒ௗ௤ ȉ 𝑒௝ఏ =

= 𝑅 ⋅ 𝚤ௗ௤ ȉ 𝑒௝ఏ + 𝐿 ȉ
𝑑𝚤ௗ௤

𝑑𝑡
ȉ 𝑒௝ఏ + 𝑗 ȉ

𝑑𝜃

𝑑𝑡
ȉ 𝐿 ȉ 𝚤ௗ௤ ȉ 𝑒௝ఏ + 𝑒ௗ௤ ȉ 𝑒௝ఏ =

𝑢௦
ௗ௤

= 𝑅 ⋅ 𝚤ௗ௤ + 𝐿 ȉ
𝑑𝚤ௗ௤

𝑑𝑡
+ 𝑗 ȉ 𝜔 ȉ 𝐿 ȉ 𝚤ௗ௤ + 𝑒ௗ௤

𝑢ௗ = 𝑅 ⋅ 𝑖ௗ + 𝐿 ȉ
𝑑𝑖ௗ

𝑑𝑡
− 𝜔 ⋅ 𝐿 ⋅ 𝑖௤

𝑢௤ = 𝑅 ⋅ 𝑖௤ + 𝐿 ȉ
𝑑𝑖௤

𝑑𝑡
+ 𝜔 ⋅ 𝐿 ⋅ 𝑖ௗ + 𝑒௤

i
e

yt

a

b

d

q

𝜃 = 𝜔 ȉ 𝑡 −
𝜋

2



Active power ...

• Express the terminal power of the load

𝑢 = 𝑅 ⋅ 𝚤 + 𝐿 ⋅
𝑑𝚤

𝑑𝑡
+ 𝑗 ⋅ 𝜔 ⋅ 𝐿 ⋅ 𝚤 + 𝑒

𝑝 𝑡 = Re 𝑢 ⋅ 𝚤∗ = Re 𝑅 ⋅ 𝚤 ⋅ 𝚤∗ + 𝐿 ⋅
𝑑𝚤

𝑑𝑡
⋅ 𝚤∗ + 𝑗 ⋅ 𝜔 ⋅ 𝐿 ⋅ 𝚤 ⋅ 𝚤∗ + 𝑒 ⋅ 𝚤∗ =

= 𝑅𝑖ௗ
ଶ + 𝑅𝑖௤

ଶ

ଵ

+ 𝐿
𝑑𝑖ௗ

𝑑𝑡
𝑖ௗ + 𝐿

𝑑𝑖௤

𝑑𝑡
𝑖௤

ଶ

+ 𝑒௤𝑖௤ถ
ଷ

Resistive
losses

Energizing
inductances

Power absorbed
by the grid back emf

𝑝(𝑡) = 𝐸 ⋅ 𝚤 ⋅ cos( 𝜑) = 𝐸 ⋅
3

2
⋅ 𝚤௣̂௛௔௦௘ ⋅ cos( 𝜑) = 3 ⋅ 𝐸 ⋅ 𝐼௥௠௦,௣௛௔௦௘ ⋅ cos( 𝜑)

Stationarity:



3-phase converters  - sinusoidal references

• Assume a rotating voltage reference vector

𝑢௔
∗ =

2

3
𝑢ఈ

∗

𝑢௕
∗ =

1

2
𝑢ఉ

∗ −
1

6
𝑢ఈ

∗

𝑢௖
∗ = −

1

2
𝑢ఉ

∗ −
1

6
𝑢ఈ

∗

𝑢∗ = 𝑢∗ ⋅ 𝑒௝ఠ௧ = 𝑢∗ ⋅ cos( 𝜔𝑡) + 𝑗 ⋅ sin( 𝜔𝑡) = 𝑢ఈ
∗ + 𝑗 ⋅ 𝑢ఉ

∗

𝑢௔
∗ =

2

3
⋅ 𝑢∗ cos( 𝜔𝑡)

𝑢௕
∗ =

2

3
⋅ 𝑢∗ cos( 𝜔𝑡 −

2𝜋

3
)

𝑢௖
∗ =

2

3
⋅ 𝑢∗ cos( 𝜔𝑡 −

4𝜋

3
)



3-phase converters modulation
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Simplest with sinusoidal references... 

... but the DC link voltage is badly utilized.



3-phase converters – symmetrization

• 3 phase potentials, only 2 vector 
components. One degree of freedom to 
be used for other purposes.

𝑣௔௭
∗ = 𝑢௔

∗ − 𝑣௭
∗

𝑣௕௭
∗ = 𝑢௕

∗ − 𝑣௭
∗

𝑣௖௭
∗ = 𝑢௖

∗ − 𝑣௭
∗

𝑅 𝐿 + 𝑒௔  −

+
 

𝑣௔௭ 

−

𝑖௔

𝑅 𝐿 +𝑒௕ −

+                 𝑢௕                   −

𝑖௕

𝑅 𝐿 +𝑒௖ −

+                 𝑢௖                   −

𝑖௖

+
𝑣௭

−

+
 

𝑣௕௭ 

−

+

𝑣௖௭ 

−

+                 𝑢௔                   −



3-phase symmetrized modulation
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Maximum phase voltage with sinusoidal modulation : Udc/2
Maximum phase-to phase voltage with symmetrized modulation : Udc -
> Phase voltage Udc/sqrt(3), i.e. 2/sqrt(3)=1.15 times larger than with 
sinusoidal modulation.
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3-phase minimum switching modulation
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Modulation sequence vs. ripple
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Modulation sequence vs. ripple
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